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A consensus tree is a phylogenetic tree that summarizes the evolutionary relationships 
inferred from a collection of phylogenetic trees with the same set of leaf labels. Among 
the many types of consensus trees that have been proposed in the last fifty years, the 
frequency difference consensus tree is one of the more finely resolved types that retains 
a large amount of information. This article presents a new deterministic algorithm for 
constructing the frequency difference consensus tree. Given k phylogenetic trees with 
identical sets of n leaf labels, it runs in O (kn log n) time, improving the best previously 
known solution. Furthermore, we demonstrate that the implementation of our algorithm is 
faster in practice than the prior implementations for the same problem.
© 2026 The Authors. Published by Elsevier Inc. This is an open access article under the CC 

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In phylogenetic analysis, variations in datasets, algorithms, and models of evolution typically yield different phylogenetic 
trees. Hence, researchers often need to analyze a collection of phylogenetic trees with the same set of leaf labels but dif
ferent branching structures, and to this end, they use consensus trees [2,3]. A consensus tree is a single phylogenetic tree 
that represents a collection of phylogenetic trees, aiming to highlight the commonly agreed-upon parts of the evolutionary 
history. Consensus trees have applications across various fields of science, including biology, epidemiology, linguistics, an
thropology, and geology. Many alternative consensus trees, each with its strengths and limitations, have been proposed [3].

The frequency difference consensus tree (FDCT) [4--6] has garnered interest among researchers in recent years [7--11]. Given 
k phylogenetic trees with identical sets of n leaf labels, the FDCT is a phylogenetic tree consisting of each cluster that 
occurs more frequently in the input trees than any single cluster incompatible with it. In this context, a cluster refers to 
any nonempty subset of the leaf label set and is said to occur in a phylogenetic tree if it corresponds to the set of all 
leaf labels descending from a single node of the tree. Furthermore, two clusters are deemed incompatible if they cannot 
simultaneously occur in the same phylogenetic tree. The advantage of the FDCT compared to some other popular types of 

✩ A preliminary version of this article was presented at the 41st International Symposium on Theoretical Aspects of Computer Science (STACS 
2024) (reference [1]).
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Fig. 1. Let 𝒮 = {T1, T2, T3, T4} be a set of phylogenetic trees with the leaf label set {a,b, c,d, e}. T F D is the FDCT of 𝒮 . In each Ti , the number beside each 
non-root internal node u indicates the weight w(u). In this example, T F D does not contain either of the clusters {a,b} and {b, c} with weight 2 because 
they are incompatible with each other. On the other hand, T F D contains the cluster {d, e} with weight 1. Furthermore, T F D contains the cluster {a,b, c}
with weight 2, even though that cluster is incompatible with two trees in 𝒮 .

consensus trees, such as the strict consensus tree [12] and the majority rule consensus tree [13], is that it captures more of 
the shared branching information.

It is evident that Ω(kn) serves as a lower bound for the running time of any algorithm aiming to build the FDCT, given 
that it corresponds to the input size. Unlike certain other types of consensus trees such as the strict consensus tree and 
the majority rule consensus tree, there has been no algorithm proposed to construct the FDCT that can achieve a running 
time matching this lower bound. Before this article, the O (kn log2 n)-time algorithm by Gawrychowski et al. [8] was the 
asymptotically fastest algorithm for constructing the FDCT. Here, we present an O (kn log n)-time algorithm for constructing 
it, thus reducing the gap between the known upper and lower bounds on the running time of the fastest possible algorithm. 
In addition, we show that the implementation of our new algorithm outperforms the previously fastest implementation, 
developed by Jansson et al. [9].

The overarching structure of our new algorithm follows the framework proposed by Jansson et al. [9] for computing the 
FDCT. By improving the methods for solving two subproblems in [9], our algorithm achieves a running time of O (kn log n). 
First, our algorithm incorporates a novel divide-and-conquer solution that runs in O (kn log n) time for the weighting step, 
where the number of phylogenetic trees in which each cluster occurs is calculated. We remark that algorithms for comput
ing other types of consensus trees such as the greedy consensus tree [3,14] involve the same weighting step [8,15,16] and 
may derive advantages from our method. Second, the running time of the procedure Filter_Clusters is improved to 
O (n log n) by solving instances of the Max-Manhattan Skyline Problem [17] to identify the clusters that should be removed 
at each recursive stage of the algorithm (see Section 5 below for a detailed explanation).

1.1. Definitions and notation

A phylogenetic tree is a rooted tree that represents the evolutionary relationships among different organisms. Every inter
nal node of a phylogenetic tree has at least two unordered children and every leaf has a distinct label. The term trees will 
be employed as a shorthand for phylogenetic trees in the remainder of this article.

Let T be a tree. The set of nodes of T (including its leaves) is denoted by V (T ). Let Λ(T ) be the set of leaf labels of 
T . Non-empty subsets of Λ(T ) are called clusters. Clusters with cardinality 1 or |Λ(T )| are trivial clusters. For any node 
u ∈ V (T ), T [u] is the subtree of T rooted at u and Λ(T [u]) is the set of leaf labels of T [u], called the cluster associated 
with u. The cluster collection of T , denoted by 𝒞(T ), is the set 

⋃︁
u∈V (T ) {Λ(T [u])}. For example, the cluster collection of the 

tree T1 in Fig. 1 is {{a}, {b}, {c}, {d}, {e}, {a,b}, {a,b, c}, {a,b, c,d, e}}. A cluster C ⊆ Λ(T ) occurs in T if and only if C ∈ 𝒞(T ); 
in this case, we also say that T contains C .

Two clusters C1, C2 ⊆ Λ(T ) are said to be compatible, written as C1 ⌣ C2, if and only if C1 ⊆ C2, C2 ⊆ C1, or C1 ∩ C2 = ∅. 
The notion of compatibility carries over to trees in a straightforward way. A cluster C ⊆ Λ(T ) is compatible with T , denoted 
as C ⌣ T , if and only if for every C ′ ∈ 𝒞(T ), we have C ⌣ C ′ . Further, two trees T1 and T2 with identical leaf label sets 
are compatible, denoted as T1 ⌣ T2, if and only if for every C ∈ 𝒞(T1), C ⌣ T2 holds, i.e., if and only if every cluster in 
T1 is compatible with T2. This also means that every cluster in T2 is compatible with T1. Clusters and/or trees are called 
incompatible, expressed using the symbol ⌣̸, if they are not compatible. For example, in Fig. 1, {a,b,d} ⌣ T2. In contrast, 
{a,b, c} ⌣̸ {a,b,d, e}, so {a,b, c} ⌣̸ T2 and T1 ⌣̸ T2. Two incompatible clusters are also said to conflict with each other.
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The frequency difference consensus tree (FDCT) is defined as follows. Let 𝒮 be a set of k trees with identical sets of n
leaf labels, i.e., 𝒮 = {T1, T2, . . . , Tk} and Λ(T1) = Λ(T2) = . . . = Λ(Tk) = L (where |L| = n). For any cluster C ⊆ L, let the 
weight of C , denoted as w(C), be |{T : T ∈ 𝒮 and C ∈ 𝒞(T )}|, i.e., the number of trees in 𝒮 in which C occurs. For any 
tree T ∈ 𝒮 and any node u ∈ V (T ), we define the weight of node u as w(u) = w(Λ(T [u])). Then, the FDCT of 𝒮 is the 
tree T F D , where 𝒞(T F D) = {C : C ⊆ L and w(C) > max({w(C ′) : C ′ ⊆ L and C ⌣̸ C ′})}. Thus, T F D contains every cluster that 
occurs more frequently than any cluster incompatible with it; we shall refer to such clusters as frequency difference clusters. 
By Proposition 3 in [10], T F D always exists and is unique for a given 𝒮 . Fig. 1 illustrates the FDCT for a collection of four 
phylogenetic trees.

1.2. Previous work

A variety of types of consensus trees have been developed over the last half-century, starting with the Adams consensus 
tree [2] in 1972. Many of these consensus trees are explained in depth in [3]. Here, we briefly mention two types that are 
widely used in practice: the strict consensus tree [12] and the majority-rule consensus tree [13]. The strict consensus tree 
contains all clusters that occur in every one of the input trees and can be computed in optimal O (kn) running time [18]. 
However, potentially important information might be excluded from the strict consensus tree; if a cluster is missing in just 
one of the input trees, it will be discarded. The majority-rule consensus tree is a relaxation of the strict consensus tree that 
contains all clusters occurring in more than half of the input trees. The majority-rule consensus tree can also be computed 
in optimal O (kn) time [15].

The frequency difference consensus tree (FDCT) was introduced by Goloboff et al. [4,5] as an even more informative 
alternative that contains not only the clusters that occur in the majority of trees but also the other frequency difference 
clusters. Since then, it has been utilized in many scientific studies such as [19--27]. Dong et al. [7] provided a comparison of 
the FDCT to other types of consensus trees and established how their cluster collections are related. Steel and Velasco [10] 
investigated a generalization of the FDCT to supertrees, i.e., consensus trees built from input trees that do not necessarily 
have the same leaf label sets. They showed that, unlike some other commonly used consensus trees, the FDCT easily gener
alizes to a viable supertree definition. Further motivation for using the FDCT in biology was given by Velasco in [11], where 
it was referred to as the ``plurality consensus tree''.

As for algorithms to compute the FDCT, an implementation can be found in the software package TNT [6], but the 
actual algorithm employed by TNT and its time complexity remain undisclosed. Jansson et al. [9] presented a determin
istic min{O (kn2), O (kn(k + log2 n))}-time algorithm for the FDCT. This algorithm was implemented in the open-source 
FACT package [15] and shown experimentally in [9] to be significantly faster than TNT’s implementation. Subsequently, 
Gawrychowski et al. [8] developed a faster method for the weighting step in [9], yielding an improved running time com
plexity of O (kn log2 n) for constructing the FDCT.

1.3. Organization of the article

Section 2 below reviews some results from the literature that will be used later. Section 3 explains the framework of the 
O (kn log n)-time algorithm for computing the FDCT. Sections 4 and 5 present algorithms for solving two subproblems of 
the FDCT construction efficiently. Section 6 describes an implementation and experimental evaluation of the new algorithm. 
Finally, Section 7 gives some concluding remarks.

2. Preliminaries

2.1. The delete operation

The delete operation on a non-root internal node u in a tree T modifies T by first removing u and all edges incident 
to u from T , and then attaching each node that used to be a child of u to the node that used to be the parent of u. As a 
result, the cluster Λ(T [u]) disappears from T ’s cluster collection 𝒞(T ) while all other clusters in 𝒞(T ) are left intact. If c is 
the number of children of u then the delete operation on u takes O (c) time.

2.2. Restriction of trees

Let T be a tree. For any non-empty set of nodes U ⊆ V (T ), their lowest common ancestor in T is denoted by lcaT (U ). 
For any cluster C ⊆ Λ(T ), define T |C (referred to as the restriction of T to C ) to be the tree T ′ with V (T ′) = {lcaT ({u, v}) :
u, v ∈ C} such that lcaT (C ′) = lcaT ′

(C ′) for all C ′ ⊆ C . Intuitively, T ′ has the leaf label set C and consists of all nodes in T
that are lca’s of the leaves in C , and the ancestral relationships between the nodes in T ′ are the same as they were in T . 
Fig. 2 gives an example of restricting a tree to different clusters.

We shall use the following result from Section 8 in [28] concerning the complexity of constructing restrictions of trees:

Lemma 1. [28] Let T be a phylogenetic tree with n leaves. After O (n) time preprocessing, T |C for any nonempty C ⊆ Λ(T ) can be 
constructed in O (|C |) time.
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Fig. 2. Illustration of restricting a tree T to different clusters C1 and C2, where C1 = {a,b, e, g} and C2 = {d, e, g}. 

Fig. 3. Illustration of the expanded restriction of a tree T to a cluster C , where C = {a,d, e}. Internal nodes are labeled with their weights. In this example, 
all internal nodes in T ||C will be spoiled even if T did not contain any spoiled nodes, and the two internal nodes drawn as triangles are path nodes.

2.3. Expanded restriction of trees

When computing T |C for a tree T and a subset C of its leaf labels as defined in Section 2.2, some nodes in T will 
be removed. After doing so, it is not possible to directly see which nodes in T |C have lost one or more leaf descendants. 
Moreover, in T |C , information about the weights of the clusters associated with the removed nodes has been lost. To address 
these two issues, we follow [9] and extend the concept of restrictions of trees to allow nodes to be marked as spoiled and 
also insert special nodes called path nodes into the trees. If a node is spoiled, it means that its set of leaf descendants no 
longer contains all the elements that it had in the original T . The purpose of the path nodes is to compactly represent 
the weights of the clusters that were lost when building T |C and that may conflict with clusters from other trees that are 
subsets of C . To be precise, for any tree T either from the input 𝒮 (in which case no nodes are already spoiled) or previously 
obtained as the expanded restriction of some tree (in which case some nodes may already be spoiled) and any C ⊆ Λ(T ), 
we define the weighted tree T ||C (called the expanded restriction of T to C ) as follows.

1. Let T ′ = T |C .
2. For every node u in T ′ , set the weight of u equal to its weight in T and mark u as spoiled if |Λ(T ′[u])| < |Λ(T [u])| or 

if u is a spoiled node in T .
3. For every edge (u, v) in T ′ , let P be the path in T between u and v , excluding u and v . If P contains at least one node, 

then create a new node z in T ′ (referred to as a path node), replace the edge (u, v) with the two edges (u, z) and (z, v), 
assign the weight of z to the highest weight among all nodes in P , and mark z as spoiled.

4. Let T ||C = T ′ .

Intuitively, a node u in T |C that was not already spoiled in T becomes spoiled in T ||C if at least one leaf label in Λ(T [u])
is not in C . It follows that if a node becomes spoiled in T ||C then all of its ancestors become spoiled. Furthermore, every 
path node is a spoiled node, but not vice versa. Fig. 3 shows an example of the expanded restriction of trees.

Lemma 2. Let T be a weighted phylogenetic tree with n leaves. After O (n log n) time preprocessing, T ||C for any nonempty C ⊆ Λ(T )

can be constructed in O (|C |) time.

Proof. First, apply the following preprocessing to T . Conduct an O (n)-time bottom-up traversal of T to precompute and 
store the depth of every node in T as well as the number of leaf descendants it has. Also do the O (n)-time preprocessing 
of T from Lemma 1, an O (n)-time preprocessing of T after which level-ancestor queries (i.e., queries that ask for the ances
tor in T at a specified depth of a specified node) are supported in O (1) time [29,30], and an O (n log n)-time preprocessing 
of T that lets the maximum weight among all nodes on the path between any two given nodes a and b in T be reported 
in O (1) time [31, Theorem 2]. In total, the preprocessing takes O (n log n) time.

4 
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Fig. 4. Illustration of merging two trees with T = Merge_Trees(T1, T2). 

Next, for any nonempty C ⊆ Λ(T ), the tree T ||C is constructed according to steps 1.--4. in the definition above. In the 
first step, T ′ = T |C is constructed in O (|C |) time according to Lemma 1. Identifying and marking the spoiled nodes in the 
second step also takes O (|C |) time by using a bottom-up traversal of T ′ to count the number of leaf descendants of each 
node u and comparing it to the (precomputed) number of leaf descendants of u in the original T . Finally, to compute the 
weight of each path node z in T ′ in the third step, let u and v be its parent and child in T ′ , respectively, and set the 
weight of z to the maximum weight of all nodes along the path in T between u and v , excluding u and v . The latter can 
be obtained in O (1) time by letting a be the level-ancestor of v in T at depth 1 + x, where x is the depth of u (in other 
words, a is the second node on the path in T from u to v), letting b be the parent of v in T , and taking the maximum 
weight of all nodes on the path between a and b. There are O (|C |) path nodes in T ′ , so in total, this uses O (|C |) time. □

To extend the definition of compatibility given in Section 1.1 to spoiled nodes, suppose that C1, C2 ⊆ Λ(T ) and that u is 
a spoiled node in T ||C1. Then C2 ⌣ u if and only if C2 and Λ((T ||C1)[u]) are disjoint or C2 ⊆ Λ((T ||C1)[u]). Observe that 
if Λ((T ||C1)[u]) ⊊ C2 then C2 ⌣̸ u, i.e., the set inclusion relations in the definition of compatibility for spoiled nodes are 
asymmetric.

2.4. Merging trees

Given two compatible trees T1 and T2 with identical leaf label sets, a procedure named Merge_Trees(T1, T2) from 
Section 2.4 in [15] returns a tree containing all clusters that occur in T1 or T2. See Fig. 4 for an example.

We summarize the properties of the procedure Merge_Trees in the following lemma.

Lemma 3. [15] Given two trees T1 and T2 such that Λ(T1) = Λ(T2) = L and T1 ⌣ T2 , Merge_Trees(T1, T2) returns a tree T with 
Λ(T ) = L and 𝒞(T ) = 𝒞(T1) ∪ 𝒞(T2) in O (|L|) time.

2.5. The Max-Manhattan Skyline Problem

Given a set 𝒮 of O (n) subintervals of [1,n − 1] with positive integer heights of size O (n), the Max-Manhattan Skyline 
Problem asks for a table f such that for t ∈ [1,n − 1], f [t] = max{height([i, j]) : t ∈ [i, j], [i, j] ∈ 𝒮}.

Crochemore et al. [17, Section 5.1] gave an O (n)-time algorithm for the Min-Manhattan Skyline Problem, defined in the 
same way as the Max-Manhattan Skyline Problem above, except that it seeks the minimum height instead of the maximum 
in the definition of the output table f . Their algorithm first sorts the intervals according to their heights in non-decreasing 
order. Then, for each interval [i, j] in this order, it sets the values of f [t] for all positions t ∈ [i, j] that have not yet been 
assigned a value to height([i, j]). By modifying Crochemore et al.’s algorithm [17] to sort the intervals in non-increasing 
order instead, we immediately have:

Lemma 4. The Max-Manhattan Skyline Problem can be solved in O (n) time.

2.6. Centroid paths and side trees

A centroid path [28] of a tree T is a path in T of the form π = ⟨pα, pα−1, . . . , p1⟩, where pα is any node in T , the 
node pi−1 for every i ∈ {2, . . . ,α} is any child of pi with the maximum number of leaf descendants (ties are broken 
arbitrarily), and p1 is a leaf. Suppose that π is a centroid path of T . For any u ∈ V (T ) such that u does not belong to π but 
the parent of u does, T [u] is called a side tree of π . From these definitions, we can derive the following lemma:

Lemma 5. Let T be a tree and τ a side tree of a centroid path that starts at the root of T . Then |Λ(τ)| ≤ |Λ(T )|/2.

By computing a centroid path π starting at the root of T and recursively applying this procedure to the side trees 
of π , we obtain a centroid path decomposition of T . It follows from Lemma 5 that the number of recursion levels needed to 
complete such a decomposition is O (log |Λ(T )|).

5 



J. Jansson, W.-K. Sung, S.A. Tabatabaee et al. Journal of Computer and System Sciences 161 (2026) 103831 

Algorithm Fast_Frequency_Difference 
Input: A set 𝒮 = {T1, T2, . . . , Tk} of trees with Λ(T1) = Λ(T2) = . . . = Λ(Tk) = L.

Output: The frequency difference consensus tree of 𝒮 .

/* Preprocessing */
1 Apply the preprocessing in Lemmas 1 and 2 to each tree in 𝒮 .
2 Fast_Compute_Weights(𝒮)

/* Main algorithm */
3 T := T1

4 for j := 2 to k do
A := Fast_Filter_Clusters(T , T j)

B := Fast_Filter_Clusters(T j, T )

T := Merge_Trees(A, B)

endfor
5 for j := 1 to k do

T := Fast_Filter_Clusters(T , T j)

6 return T

End Fast_Frequency_Difference

Fig. 5. The algorithm Fast_Frequency_Difference for constructing the FDCT, whose overall structure is the same as the algorithm Fre
quency_Difference in [9].

3. Algorithm Fast_Frequency_Difference

The pseudocode of our new algorithm, named Fast_Frequency_Difference, is shown in Fig. 5. Its overall structure 
follows the framework developed in [9] for constructing the FDCT, which we review next.

Suppose that the input is 𝒮 = {T1, T2, . . . , Tk}. The basic idea of the algorithm in [9] is to initially let T be a copy of T1
and then consider the other trees one by one while updating the clusters of T . More precisely, when considering any such 
tree T j , the algorithm deletes every cluster in T that is incompatible with a cluster in T j of equal or higher weight, and 
also inserts every cluster from T j into T that could potentially be a frequency cluster but is not already in T . This strategy 
produces a tree T whose set of clusters is a superset of the set of the frequency difference clusters, so the algorithm applies 
a final postprocessing step to delete all non-frequency difference clusters from T .

To update T in each iteration, the procedure Merge_Trees, described in Section 2.4, and a procedure called Fil
ter_Clusters are used. The latter takes as input two trees T A and T B with identical leaf label sets and outputs a copy 
of T A from which every cluster that is incompatible with a cluster in T B of equal or higher weight has been deleted.

Our new algorithm Fast_Frequency_Difference improves the time complexity of the algorithm from [9] by 
replacing the preprocessing step for computing the weights of all clusters occurring in 𝒮 (Step 2) and the procedure 
Filter_Clusters (used in Steps 4 and 5) by more efficient solutions, referred to as Fast_Compute_Weights and 
Fast_Filter_Clusters below.

In Section 4, we will prove the following theorem about the correctness and time complexity of the procedure 
Fast_Compute_Weights:

Theorem 1. Given a set 𝒮 = {T1, T2, . . . , Tk} of trees with identical sets of n leaf labels, the procedure 
Fast_Compute_Weights(𝒮) calculates the weights of all clusters occurring in 𝒮 in O (kn log n) time.

Section 5 contains the proof of the following theorem regarding the correctness and time complexity of the procedure 
Fast_Filter_Clusters:

Theorem 2. Given two weighted trees T A and T B with identical sets of n leaf labels, the procedure Fast_Filter_Clusters(T A, 
T B) computes a tree T with 𝒞(T ) = {Λ(T A[u]) : u ∈ V (T A) and w(u) > w(x) for every x ∈ V (T B) with Λ(T A[u]) ⌣̸ Λ(T B [x])}
in O (n log n) time.

On the grounds of the two theorems stated above, we can prove our main theorem:

Theorem 3. Given a set 𝒮 = {T1, T2, . . . , Tk} of trees with identical sets of n leaf labels, the algorithm 
Fast_Frequency_Difference(𝒮) constructs the FDCT of 𝒮 in O (kn logn) time.

Proof. The improved procedures function as intended by Theorems 1 and 2, so the correctness of the algorithm 
Fast_Frequency_Difference follows from that of Frequency_Difference proved by [9].

6 
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Algorithm Fast_Compute_Weights 
Input: A set 𝒮 = {T1, T2, . . . , Tk} of trees with Λ(T1) = Λ(T2) = . . . = Λ(Tk) = L.

Output: Compute the weight of each cluster C occurring in 𝒮 , i.e., the number of trees in 𝒮 in which C occurs.

/* Labeling phase */
1 Fast_Label_Trees(𝒮)

/* Counting phase */
2 Sort the obtained labels using counting sort.
3 Determine the count of each distinct label.
4 Set the weight of each cluster to the count of the label of its associated node.

End Fast_Compute_Weights

Fig. 6. The procedure Fast_Compute_Weights. 

Now, we analyze the time complexity. The preprocessing in Step 1 uses O (n log n) time for each tree in 𝒮 by Lemmas 1
and 2, contributing a total of O (kn log n) time. Step 2 makes a call to the procedure Fast_Compute_Weights, which 
takes O (kn log n) time according to Theorem 1. Steps 4 and 5 make O (k) calls to the procedures Fast_Filter_Clus
ters and Merge_Trees. By Theorem 2, each call to the procedure Fast_Filter_Clusters takes O (n log n) time, 
and by Lemma 3, each call to the procedure Merge_Trees takes O (n) time. Hence, Steps 4 and 5 take O (kn log n) time. 
Consequently, the running time of the algorithm is O (kn log n). □
4. Procedure Fast_Compute_Weights

We break down the procedure Fast_Compute_Weights into two phases called labeling and counting, similar to the 
strategy used in [8]. The procedure Fast_Label_Trees is responsible for the labeling phase. This procedure assigns an 
integer label to each node u in every tree in 𝒮 , denoted by id(u), such that id(u) ∈ {1, . . . ,2kn} and that for any other 
node u′ in any tree in 𝒮 , id(u) = id(u′) if and only if the clusters associated with u and u′ are the same. Next, during the 
counting phase, the labels are sorted using counting sort, the count of each distinct label is determined, and the weight 
of each cluster is obtained from the count of the label of its associated node. Fig. 6 presents the pseudocode for the 
procedure Fast_Compute_Weights.

The pseudocode for Fast_Label_Trees({T1, . . . , Tk}) which carries out the labeling phase is given in Fig. 7. It 
uses a divide-and-conquer approach. First, it partitions the leaf label set L into two parts L′ and L′′ , where the dif
ference between |L′| and |L′′| is at most one. It then calls Fast_Label_Trees({T1|L′, . . . , Tk|L′}) and Fast_La
bel_Trees({T1|L′′, . . . , Tk|L′′}) recursively to obtain the labels for all nodes in Ti |L′ and Ti |L′′ for all i ∈ {1,2, . . . ,k}. 
Then, for each node u in each tree Ti ∈ 𝒮 , the pair (id(φL′

u ), id(φL′′
u )) is assigned to u, where φC

u for any C ⊆ L is the 
node in the tree Ti |C that corresponds to u. Formally, if Λ(Ti[u]) ∩ C ≠ ∅ then φC

u is defined as the v ∈ V (Ti |C) for which 
Λ((Ti |C)[v]) = Λ(Ti[u])∩ C , i.e., as the node in Ti|C whose leaf descendants are exactly the same as those leaf descendants 
of node u that also belong to C ; on the other hand, if Λ(Ti[u]) ∩ C = ∅ then no such node exists in Ti |C , and in this case, 
φC

u is defined to be an imaginary node Φ that satisfies id(Φ) = 0. Next, all pairs are sorted using radix sort, and a positive 
integer rank is assigned to each unique pair. Finally, for each node u in each tree Ti ∈ 𝒮 , id(u) is set to the rank of the pair 
(id(φL′

u ), id(φL′′
u )).

See Fig. 8 for an illustration of how Fast_Label_Trees operates.
The next two lemmas prove the correctness of the procedure Fast_Label_Trees and analyze its time complexity.

Lemma 6. Given a set 𝒮 = {T1, T2, . . . , Tk} of trees such that Λ(T1) = Λ(T2) = . . . = Λ(Tk) = L for some set of L of leaf labels, the 
following two statements hold after running Fast_Label_Trees(𝒮):

1. For any node u ∈ V (Ti) where Ti ∈ 𝒮 , we have id(u) ∈ {1, . . . ,2k|L|}.
2. For any two nodes u ∈ V (Ti) and v ∈ V (T j) where Ti, T j ∈ 𝒮 , we have id(u) = id(v) if and only if Λ(Ti[u]) = Λ(T j[v]).

Proof. We start by showing that the first statement holds. In any Ti ∈ 𝒮 , every internal node has at least two children by 
the definition of a phylogenetic tree, so |V (Ti)| < 2|L|. Thus, the total number of nodes in all trees is less than 2k|L|, and so 
the label of each node is in {1, . . . ,2k|L|}.

To prove the second statement, we use induction on |L|. The base case of |L| = 1 holds because all nodes have the same 
cluster associated with them and receive the same label. The induction hypothesis states that if |L| ≤ k for some k ≥ 1, then 
we have id(u) = id(v) if and only if Λ(Ti[u]) = Λ(T j[v]). Now, we need to prove the statement for |L| = k + 1.

If Λ(Ti[u]) = Λ(T j[v]) then we obtain Λ((Ti |L′)[φL′
u ]) = Λ((T j |L′)[φL′

v ]) and Λ((Ti |L′′)[φL′′
u ]) = Λ((T j |L′′)[φL′′

v ]). Hence, 
considering that |L′| ≤ k and |L′′| ≤ k, we can apply the induction hypothesis to state that id(φL′

u ) = id(φL′
v ) and id(φL′′

u ) =
id(φL′′

v ). Consequently, (id(φL′
u ), id(φL′′

u )) = (id(φL′
v ), id(φL′′

v )) and thereby, id(u) = id(v).
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Algorithm Fast_Label_Trees 
Input: A set 𝒮 = {T1, T2, . . . , Tk} of trees with Λ(T1) = Λ(T2) = . . . = Λ(Tk) = L.

Output: Label each node u in a tree in 𝒮 with id(u) ∈ {1, . . . ,2k|L|} such that two nodes in different trees receive the same label if 
and only if the clusters associated with them are the same.

1 if |L| = 1 then
/* Base case (each tree has only one node) */
For each node u in each tree in 𝒮 , set id(u) = 1.
return 

endif
2 Partition L into L′ and L′′ so that the difference between |L′| and |L′′| is at most one.
3 For all i ∈ [1 . . .k], construct T ′

i = Ti |L′ and T ′′
i = Ti |L′′ .

4 Fast_Label_Trees({T ′
1, T ′

2, . . . , T ′
k}).

5 Fast_Label_Trees({T ′′
1 , T ′′

2 , . . . , T ′′
k }).

6 For each node u in each tree Ti ∈ 𝒮 , assign the pair (id(φL′
u ), id(φL′′

u )) to u.
7 Sort all the obtained pairs using radix sort, remove duplicates, and assign a rank to each unique pair.
8 For each node u in each tree Ti ∈ 𝒮 , set id(u) to the rank of the pair (id(φL′

u ), id(φL′′
u )).

End Fast_Label_Trees

Fig. 7. The procedure Fast_Label_Trees. 

Fig. 8. Illustration of how labels are computed by Fast_Label_Trees. Part (a) shows two trees T1 and T2, with the pair assigned to each internal node 
in Step 6 written beside it. (For clarity, the pairs assigned to the leaves are not shown.) The pairs were obtained by combining the recursively computed 
node labels for the trees T1|L′ , T1|L′′ , T2|L′ , and T2|L′′ with L′ = {a,b, c,d} and L′′ = {e, f , g}, shown in part (b). Note that the labels in part (a) are the 
ones before the radix sort in Step 7, while the labels shown in part (b) are the labels that result after Step 8 one recursion level lower.

Conversely, if id(u) = id(v) then (id(φL′
u ), id(φL′′

u )) = (id(φL′
v ), id(φL′′

v )), which gives id(φL′
u ) = id(φL′

v ) and id(φL′′
u ) =

id(φL′′
v ). Then, considering that |L′| ≤ k and |L′′| ≤ k, we can use the induction hypothesis to deduce that Λ((Ti |L′)[φL′

u ]) =
Λ((T j |L′)[φL′

v ]) and Λ((Ti |L′′)[φL′′
u ]) = Λ((T j |L′′)[φL′′

v ]). Thus, we have Λ(Ti[u]) = Λ(T j[v]). □
Lemma 7. Given a set 𝒮 = {T1, T2, . . . , Tk} of trees with identical sets of n leaf labels, the procedure Fast_Label_Trees(𝒮) runs 
in O (kn log n) time.

Proof. Let T (n) stand for the time complexity of Fast_Label_Trees for an input set of k trees sharing a leaf label set 
of size n. Due to Step 1, T (1) = O (k).

For n ≥ 2, we sum up the contributions of Steps 2--8. Step 2 takes O (n) time. According to Lemma 1, after the prepro
cessing by the algorithm Fast_Frequency_Difference in Section 3, T ′

i and T ′′
i can be constructed in O (n) time for 

each Ti ∈ 𝒮 . For this reason, Step 3 takes O (kn) time. Steps 4 and 5 take T (n/2) + T (n/2) = 2T (n/2) time by definition. In 
Step 6, computing id(φL′

u ) for each node u in each tree Ti can be done in a total of O (kn) time using bottom-up traversals 
in the following way. For each Ti ∈ 𝒮 , first do a bottom-up traversal of Ti to count how many leaf descendants belonging to 
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L′ that each node has. Next, for every leaf ℓ in Ti whose leaf label is in L′ , let φL′
ℓ be the leaf in T ′

i that has the same leaf 
label as ℓ, and initialize φL′

u = Φ for all other nodes u in Ti . After that, do a bottom-up traversal of Ti that for each node u
in Ti retrieves the integer label id(φL′

u ) that was computed in Step 4, and additionally, if φL′
u ≠ Φ and φL′

v = Φ for the parent 
v of u in Ti , updates φL′

v to either φL′
u or the parent of φL′

u in T ′
i depending on if u and v have equal or different numbers 

of leaf descendants from L′ . Computing all integer labels id(φL′′
u ) in the same way also takes O (kn) time. (Alternatively, one 

can augment the algorithm used in Lemma 1 for constructing T |C so that it also saves a pointer from each node u in T
to the node φC

u in T |C without increasing its asymptotic time complexity, so that Fast_Label_Trees can obtain id(φL′
u )

and id(φL′′
u ) directly in O (1) time for each node u.) The number of obtained pairs of the form (id(φL′

u ), id(φL′′
u )) is O (kn), 

and furthermore, we know from Lemma 6 and the fact that id(Φ) = 0 that all values in the pairs are in {0,1, . . . , O (kn)}, 
so sorting the pairs using radix sort and assigning labels to the nodes in Steps 7 and 8 takes O (kn) time.

This yields the recurrence T (n) = 2T (n/2) + O (kn), which has the solution T (n) = O (kn log n). □
Now, we can prove Theorem 1, regarding the correctness and time complexity of the procedure Fast_Com

pute_Weights:

Theorem 1. Given a set 𝒮 = {T1, T2, . . . , Tk} of trees with identical sets of n leaf labels, the procedure 
Fast_Compute_Weights(𝒮) calculates the weights of all clusters occurring in 𝒮 in O (kn log n) time.

Proof. We start by proving that the procedure Fast_Compute_Weights works correctly. The correctness of Step 1, mak
ing a call to the procedure Fast_Label_Trees, follows from Lemma 6. In the following steps, the weight of each cluster 
is set to the count of the label of its associated node, indicating the number of trees in 𝒮 in which that cluster occurs.

Finally, we analyze the time complexity. As shown in Lemma 7, assigning labels to each node in Step 1 takes O (kn log n)

time. Considering that there are O (kn) labels in total and each label is in {1, . . . ,2kn}, Step 2 (counting sort) takes 
O (kn) time. It is easy to see that Steps 3 and 4 take O (kn) time each. Therefore, the running time of the procedure is 
O (kn log n). □
5. Procedure Fast_Filter_Clusters

The pseudocode of our new procedure Fast_Filter_Clusters, with an improved running time of O (n log n), is 
summarized in Fig. 9. On a high level, it follows the same approach as the O (n log2 n)-time procedure Filter_Clus
ters in [9]. The objective is to build a tree T whose cluster collection is 𝒞(T ) = {Λ(T A[u]) : u ∈ V (T A) and w(u) >

w(x) for every x ∈ V (T B) with Λ(T A[u]) ⌣̸ Λ(T B [x])}, i.e., to delete every cluster in T A that conflicts with at least one clus
ter in T B that has a greater or equal weight. To do this, both procedures apply the centroid path decomposition technique 
to divide T A into a centroid path π = ⟨pα, pα−1, . . . , p1⟩, where pα is the root of T A , and the set σ(π) of side trees of π . 
Since each cluster in T A is either located inside a side tree of π or associated with a node belonging to π , the cluster 
collection 𝒞(T A) may be expressed recursively as:

𝒞(T A) =
⋃︂

τ∈σ (π)

𝒞(τ ) ∪ 
⋃︂

pi∈π

{Λ(T A[pi])}. (1)

Following this key observation, to check all clusters of T A in order to decide which ones to delete, the procedures handle 
the side trees of π recursively and the clusters associated with π directly.

The difference between Filter_Clusters from [9] and Fast_Filter_Clusters presented here is how they han
dle the clusters 

⋃︁
pi∈π {Λ(T A[pi])}. The former detects conflicts between such clusters and the clusters in T B by traversing π

in the upward direction while using a priority queue to keep track of all nodes from T B whose associated clusters are in
compatible with the current node on π . At each step, the priority queue is updated and the heaviest incompatible cluster 
is retrieved from it, leading to a total of O (n log n) time to process all the clusters associated with π . In addition, the time 
taken to set up the recursive calls to the side trees is O (n). Since the time spent on each recursion level is O (n log n)

and there are O (log n) recursion levels, the time complexity of Filter_Clusters is O (n log2 n). In contrast, Fast_Fil
ter_Clusters detects conflicts between clusters associated with π and clusters in T B by representing clusters as suitably 
defined integer intervals. It then solves an instance of the Max-Manhattan Skyline Problem to identify the heaviest incom
patible clusters. We will show that this method requires O (n) time to handle all of the clusters associated with π . Thus, 
each recursion level takes O (n) time, and the total running time becomes O (n log n).

We now introduce the key lemma that speeds up the detection of incompatible clusters by allowing clusters to 
be interpreted as intervals. Let T be a tree such that Λ(T ) is a set of positive integers {1,2, . . . ,n}. Moreover, let 
π = ⟨pα, pα−1, . . . , p1⟩ denote a path in T , where pα is the root of T and p1 is a leaf. For each i ∈ {1,2, . . . ,α}, define 
ni := |Λ(T [pi])|. Note that n1 = 1 and nα = n. The path π is called a stratifying path if Λ(T [pi]) = {1,2, . . . ,ni} for every 
i ∈ {1,2, . . . ,α}. Furthermore, for any C ⊆ Λ(T ), define min(C) as the smallest integer x such that x ∈ C , max(C) as the 
largest integer x such that x ∈ C , and filled(C) as the largest integer x such that {1,2, . . . , x} ⊆ C . Using this notation, we 
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Algorithm Fast_Filter_Clusters 
Input: Two trees T A and T B with Λ(T A) = Λ(T B ) = L, where every u ∈ V (T A) ∪ V (T B ) has a positive integer weight w(u) and 

where some nodes in T B may be spoiled.

Output: A tree T with Λ(T ) = L and 𝒞(T ) = {Λ(T A[u]) : u ∈ V (T A) and w(u) > w(x) for every x ∈ V (T B ) with Λ(T A [u]) ⌣̸ Λ(T B [x])}.

1 Compute a centroid path π = ⟨pα, pα−1, . . . , p1⟩ of T A , where pα is the root of T A and p1 is a leaf, and compute the set σ(π) of 
side trees of π .

/* Handling the side trees */
2 for each side tree τ ∈ σ(π) do

Construct T B ||Λ(τ).
Temporarily change the node weights in τ and T B ||Λ(τ) by sorting them in nondecreasing
order and setting each node weight equal to its rank.
Let τ ′ := Fast_Filter_Clusters(τ , T B ||Λ(τ)).
Replace τ by τ ′ in T A and restore the node weights in τ ′ .

endfor

/* Handling the centroid path */
3 for i = 1 to α do

Compute ni := |Λ(T A [pi])|.
4 Temporarily relabel the leaf labels in L by the positive integers {1,2, . . . ,nα} so that π becomes a stratifying path in T A .
5 Compute and store, for every v ∈ V (T B ), the values m(v) = min(Λ(T B [v])) and M(v) = max(Λ(T B [v])). For any v ∈ V (T B ), if v is 

a spoiled node, then set M(v) = nα + 1.
6 Compute and store, for every v ∈ V (T B ), the value filled(v), defined as the largest integer x such that {1,2, . . . , x} ⊆ Λ(T B [v]).
7 Create a set I of weighted intervals over {1,2, . . . ,nα} that represent the clusters of T B as follows:

For each v ∈ V (T B ), make an interval [vℓ, vr] with weight w(v), where 
vℓ = max{filled(v) + 1, m(v)} and vr = M(v) − 1. 
Insert the weighted interval into I .

8 Solve the Max-Manhattan Skyline Problem on I and let f be the solution.
9 for i = α downto 2 do

if w(pi) ≤ f [ni] then
Apply a delete operation on pi in T A . 

endif
endfor

10 Restore the leaf labels of L to the values that they had before Step 4.

11 return T A

End Fast_Filter_Clusters

Fig. 9. The procedure Fast_Filter_Clusters. 

can express whether a specified cluster C and the cluster associated with a specified node pi on a stratifying path π are 
compatible in terms of some easily checkable conditions:

Lemma 8. Let T be a phylogenetic tree with Λ(T ) = {1,2, . . . ,n} and let π = ⟨pα, pα−1, . . . , p1⟩ be a stratifying path in T . For any 
C ⊆ Λ(T ) and i ∈ {1,2, . . . ,α}, we have C ⌣̸ Λ(T [pi]) if and only if max{filled(C) + 1, min(C)} ≤ ni ≤ max(C) − 1 holds, where 
Λ(T [pi]) = {1,2, . . . ,ni}.

Proof. First suppose that C ⌣̸ Λ(T [pi]). This means that there exist x, y, z ∈ Λ(T ) such that x, y ∈ C , z ∉ C , x, z ∈ Λ(T [pi]), 
and y ∉ Λ(T [pi]). Then:

• x ∈ Λ(T [pi]) implies x ≤ ni . Since x ∈ C , we have min(C) ≤ ni .
• y ∉ Λ(T [pi]) gives y > ni . Since y ∈ C is an integer, we deduce that ni ≤ max(C) − 1.
• z ∈ Λ(T [pi]) implies z ≤ ni . Furthermore, z ∉ C gives z ≥ filled(C)+1. Combining the two inequalities, we get filled(C)+

1 ≤ ni .

Conversely, suppose that C ⌣ Λ(T [pi]). By the definition of cluster compatibility, at least one of the following three cases 
holds:

• C ⊆ Λ(T [pi]): Then x ≤ ni for all x ∈ C , i.e., max(C) ≤ ni . Thus, the inequality ni ≤ max(C) − 1 is false.
• Λ(T [pi]) ⊆ C : Then filled(C) ≥ ni , and hence filled(C) + 1 ≤ ni is false.
• C ∩ Λ(T [pi]) = ∅: Then x > ni for all x ∈ C , i.e., min(C) > ni . Thus, min(C) ≤ ni is false. □

10 



J. Jansson, W.-K. Sung, S.A. Tabatabaee et al. Journal of Computer and System Sciences 161 (2026) 103831 

Fig. 10. Illustration of Lemma 8. Let T be the tree with a stratifying path ⟨pα, pα−1, . . . , p1⟩ shown above. First, consider the node p2 and a cluster 
C = {5,6,7,9}. Since min(C) = 5, max(C) = 9, filled(C) = 0, and n2 = 8, Lemma 8 gives C ⌣̸ Λ(T [p2]). Next, consider p2 and C ′ = {1,2,3,4,5,6,7,9}. Since 
min(C ′) = 1, max(C ′) = 9, filled(C ′) = 7, and n2 = 8, Lemma 8 again yields C ⌣̸ Λ(T [p2]). Finally, consider p2 and C ′′ = {1,2, . . . ,9}. Since min(C ′′) = 1, 
max(C ′′) = 9, filled(C ′′) = 9, and n2 = 8, the inequality in Lemma 8 does not hold, which implies C ′′ ⌣ Λ(T [p2]). Also note that if C , C ′ , and C ′′ are clusters 
of T B associated with non-spoiled nodes then they will define the intervals [5,8], [8,8], and [10,8] = ∅, respectively, in Step 7 of Fast_Filter_Clus
ters, and that the point n2 is contained in the first two of these three intervals.

Fig. 10 illustrates Lemma 8 and how it is applied in Fast_Filter_Clusters to define intervals that represent con
flicts between clusters associated with the centroid path of T A and clusters in T B . We formalize the technique as a corollary 
to Lemma 8:

Corollary 1. Let T A and T B be two phylogenetic trees with Λ(T A) = Λ(T B) = L, where some nodes in T B may be spoiled, and let 
π = ⟨pα, pα−1, . . . , p1⟩ be a stratifying path in T A such that Λ(T [pi]) = {1,2, . . . ,ni} for every i ∈ {1,2, . . . ,α}. Consider any 
v ∈ V (T B). Define vℓ = max{filled(Λ(T B [v])) + 1, min(Λ(T B [v]))}. Also, if v is not spoiled then define vr = max(Λ(T B [v])) − 1; 
otherwise (i.e., if v is spoiled), define vr = nα . Then for each i ∈ {1,2, . . . ,α}, Λ(T A[pi]) ⌣̸ Λ(T B [v]) if and only if the point ni is 
contained in the interval [vℓ, vr].

Proof. If v is not spoiled then according to Lemma 8, Λ(T A[pi]) ⌣̸ Λ(T B [v]) if and only if max{filled(C) + 1, min(C)} ≤
ni ≤ max(C) − 1, where C = Λ(T B [v]). By the definition of vℓ and vr , this inequality is equivalent to vℓ ≤ ni ≤ vr .

On the other hand, if v is spoiled then Λ(T A[pi]) ⌣̸ Λ(T B [v]) is also true in case Λ(T B [v]) ⊊ Λ(T A[pi]). Thus, 
Λ(T A[pi]) ⌣ C , where C = Λ(T B [v]), if and only if: (i) Λ(T A[pi]) ⊆ C ; or (ii) C ∩ Λ(T [pi]) = ∅. As in the proof of Lemma 8, 
(i) is satisfied if and only if filled(C) ≥ ni , while (ii) is satisfied if and only if min(C) > ni . This gives Λ(T A[pi]) ⌣ C
if and only if filled(C) + 1 > ni or min(C) > ni holds. Stated differently, Λ(T A[pi]) ⌣̸ C if and only if filled(C) + 1 ≤ ni
and min(C) ≤ ni . As it no longer matters whether ni ≤ max(C) − 1 here, the condition for a conflict simplifies to 
max{filled(C) + 1, min(C)} ≤ ni . Finally, since ni ≤ nα and vr = nα , we obtain Λ(T A[pi]) ⌣̸ Λ(T B [v]) if and only if 
vℓ ≤ ni ≤ vr . □

Now, we prove the correctness of the procedure Fast_Filter_Clusters:

Lemma 9. Given two weighted trees T A and T B with identical sets of n leaf labels, the procedure Fast_Filter_Clusters(T A, 
T B) works correctly.

Proof. In Step 1, the procedure computes a centroid path π = ⟨pα, pα−1, . . . , p1⟩, where pα is the root of T A , and the 
set σ(π) of side trees of π . According to Equation (1), any cluster C in T A that should be removed is in either π or one of 
its side trees. In the former case, C will be removed in Steps 3--10, and in the latter case, C will be removed during some 
recursive call in Step 2.

Step 2 handles the side trees in σ(π) by recursively calling the procedure for each τ ∈ σ(π) and replacing τ in T A by the 
obtained tree τ ′ . Before each recursive call, the procedure normalizes the weights of the nodes in τ and T B ||Λ(τ) to make 
them positive integers in the range {1,2, . . . , O (|Λ(τ)|)}. This is achieved by sorting the weights in non-decreasing order 
and then setting the weight of each node equal to its rank in this order, where equally ranked nodes get identical weights.

Steps 3--10 handle the centroid path π as follows. After doing a bottom-up traversal of T A to compute ni := |Λ(T A[pi])|
for all pi ∈ π in Step 3, the leaf labels are modified to make π a stratifying path in T A in Step 4. As a consequence, for 
any specified node pi on the centroid path π , its associated cluster is incompatible with all clusters in T B whose intervals 
defined according to Corollary 1 contain the point ni . In particular, the heaviest cluster that is incompatible with Λ(T A[pi])
corresponds to the heaviest interval that ni belongs to. Steps 5--8 find the weights of the heaviest incompatible clusters 
from T B for all clusters associated with π simultaneously by creating and solving an instance of the Max-Manhattan 
Skyline Problem. Its solution f has the property that for any pi ∈ π , the value of f [ni] is the weight of the heaviest 
cluster in T B that is incompatible with the cluster Λ(T A[pi]). If f [ni] is greater than or equal to w(pi), then the procedure 
deletes pi from T A in Step 9.
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We conclude that the resulting T A contains no cluster that conflicts with some cluster in T B that has an equal or greater 
weight. □

Next, we show that Fast_Filter_Clusters runs in O (n log n) time:

Lemma 10. Given two weighted trees T A and T B with identical sets of n leaf labels, the procedure Fast_Filter_Clusters(T A, 
T B) runs in O (n log n) time.

Proof. Step 1 can be completed in O (n) time [28]. To construct any T B ||Λ(τ)-tree takes O (|Λ(τ)|) time according to 
Lemma 2, as the required preprocessing was already done by the algorithm Fast_Frequency_Difference in Section 3. 
The side trees’ leaf label sets are disjoint, so Step 2 uses 

∑︁
τ∈σ(π) O (|Λ(τ)|) = O (n) time to construct the T B ||Λ(τ)-trees. 

Then, applying radix sort to normalize the node weights takes O (n) time. Step 2 also makes a recursive call for each side 
tree τ . Next, bottom-up traversals of T A and T B are used to implement Steps 3--6, taking an additional O (n) time. To create 
the intervals that represent the clusters of T B in Step 7 takes O (n) time, and to solve the Max-Manhattan Skyline Problem 
in Step 8 also takes O (n) time according to Lemma 4 because there are O (n) intervals and their weights are positive integers 
of size O (n). The necessary delete operations on π are carried out in top-down order, which means that the parent of any 
node in T A is changed at most once, so Step 9 takes O (n) time in total. Finally, Step 10 restores the original leaf labels in 
O (n) time.

In summary, the time complexity of Fast_Filter_Clusters(T A, T B) is g(n) + ∑︁
τ∈σ(π) h(τ ), where g(n) is the 

execution time excluding any recursive calls, and h(τ ) is the running time of Fast_Filter_Clusters(τ , T B ||Λ(τ)) for 
any side tree τ of π . According to the discussion above, g(n) = O (n). For any recursion level j, let σ j denote the set of 
all side trees that are computed for all the centroid paths on this level. The total time taken on the recursion level j + 1
for the non-recursive parts is 

∑︁
τ∈σ j

g(|Λ(τ)|), and since the trees in σ j are disjoint, 
∑︁

τ∈σ j
g(|Λ(τ)|) = g(n) = O (n). By 

Lemma 5, every τ satisfies |Λ(τ)| ≤ n/2, and hence there are O (logn) recursion levels. This shows that the total running 
time is O (n log n). □

Combining Lemmas 9 and 10, we get Theorem 2:

Theorem 2. Given two weighted trees T A and T B with identical sets of n leaf labels, the procedure Fast_Filter_Clusters(T A, 
T B) computes a tree T with 𝒞(T ) = {Λ(T A[u]) : u ∈ V (T A) and w(u) > w(x) for every x ∈ V (T B) with Λ(T A[u]) ⌣̸ Λ(T B [x])}
in O (n log n) time.

6. Implementation

We implemented our O (kn log n)-time algorithm for constructing the FDCT. The source code can be found at https://
github.com/tswddd2/FDCT_new. It was actualized by adding roughly 2000 lines of C++ code to the source code of the 
min{O (kn2), O (kn(k + log2 n))}-time algorithm [9] for the same problem, available at https://github.com/Mesh89/FACT2 and 
also included in the FACT package [15], which was previously the fastest implementation. To implement the new O (kn log n)
time algorithm, we followed the descriptions in this article and also used dynamic_bitset from the Boost libraries [32].

We evaluated the performance of the implementation of our O (kn log n)-time algorithm (which we refer to as New) by 
measuring its running time for randomly generated inputs of different sizes and comparing it with the running times of 
the implementations of the O (kn2)-time and O (kn(k + log2 n))-time algorithms [9] (which we call Old_kn2 and Old_k2n, 
respectively) for the same inputs. While both Old_kn2 and Old_k2n run the procedure Filter_Clusters in O (n log2 n)

time, they are different in the way they compute the cluster weights. The algorithm used by Old_kn2 for computing cluster 
the weights runs in O (kn2) time, whereas Old_k2n computes the cluster weights in O (k2n) time.

We conducted all the experiments on a 2021 MacBook Pro running macOS Monterey (version 12.0.1) and equipped with 
Apple M1 Pro and 16 GB of RAM. The compiler was Apple clang version 13.1.6, and the source code was compiled with the 
C++17 standard.

Following [9], we considered two scenarios for generating the input trees for the evaluation: Scenario 1 (Correlated Input 
Trees) and Scenario 2 (Independent Input Trees). In short, the input trees in Scenario 1 have more clusters in common, whereas 
the number of different clusters is higher in Scenario 2. The specific details on how we generated the input trees in each 
scenario, given k and n, are as follows:

• Scenario 1 (Correlated Input Trees): In this scenario, we first generate a binary tree with leaf label set {1, . . . ,n} in 
the uniform model [33]. We then perform a delete operation on every internal node of the binary tree, except for the 
root, with a probability of 0.2 for each operation. Let Tr denote the resulting non-binary tree. Next, we generate k trees 
based on Tr . Each tree is obtained by repeating 0.05 · n times the process of selecting a random non-root node u and a 
random internal node v such that v is not a descendant of u, detaching the subtree rooted at u, and attaching it to v .

• Scenario 2 (Independent Input Trees): In the first step of this scenario, we independently generate k binary trees with 
leaf label set {1, . . . ,n} in the uniform model [33]. Then, we perform a delete operation on every internal node of each 
binary tree, except for the roots, with a probability of 0.2 for each operation. This yields k non-binary trees.
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Table 1
Scenario 1 with k = 1000 (fixed) and varying values of n.

n New Old_kn2 Old_k2n 
100 4.81 5.66 6.69 
400 22.31 27.62 31.93 
1000 56.76 69.93 80.71 
2000 123.42 154.16 174.24 
4000 262.68 323.06 361.63 
6000 424.96 514.60 562.64 
8000 598.33 724.73 770.95 
10000 780.76 949.44 969.51 

Table 2
Scenario 1 with n = 10000 (fixed) and varying values of k.

k New Old_kn2 Old_k2n 
10 5.68 8.16 7.32 
40 24.60 35.11 31.60 
100 61.32 85.37 77.34 
200 133.81 184.16 170.64 
400 279.31 367.13 350.16 
600 438.04 555.76 544.92 
800 627.75 777.55 759.43 
1000 785.20 956.64 975.90 

Table 3
Scenario 2 with k = 1000 (fixed) and varying values of n.

n New Old_kn2 Old_k2n 
100 3.73 3.95 5.34 
400 16.59 17.46 22.67 
1000 45.77 46.26 59.55 
2000 99.96 102.37 122.56 
4000 229.48 241.12 275.51 
6000 357.72 371.38 412.07 
8000 438.49 462.20 511.78 
10000 576.88 659.28 646.88 

Table 4
Scenario 2 with n = 10000 (fixed) and varying values of k.

k New Old_kn2 Old_k2n 
10 4.40 5.54 4.89 
40 18.42 22.72 19.89 
100 47.29 57.58 50.98 
200 97.92 116.46 105.08 
400 211.52 238.77 223.89 
600 327.79 360.06 352.45 
800 448.20 484.50 496.87 
1000 571.32 643.90 646.91 

We measured the running time of each algorithm in each scenario for different values of (k,n). The experiments were 
performed in two settings: firstly, with a fixed value of k at 1000 and varying n up to 10000; secondly, with a fixed value 
of n at 10000 and varying k up to 1000. For each of the specified values of (k,n), we recorded the average running time 
over 3 randomly generated inputs of size (k,n).

Tables 1--4 present the average running times (in seconds). Table 1 contains the results for Scenario 1 (Correlated Input 
Trees) with a fixed value of k and varying values of n. Table 2 shows the running times for Scenario 1 with a fixed value of 
n and varying values of k. Table 3 includes the running times for Scenario 2 (Independent Input Trees) with a fixed value of 
k and varying values of n. Finally, Table 4 presents the results for Scenario 2 with a fixed value of n and varying values of k.

We observe that New works faster than Old_kn2 and Old_k2n for all the examined values of (k,n). This observation is 
consistent with our theoretical results stating that New is asymptotically faster than both Old_kn2 and Old_k2n. According 
to our theoretical results, if we conducted experiments using higher values for k and n, the speed advantage of New would 
become more significant compared to the other two algorithms. We can also see that all of the algorithms work faster in 
Scenario 2 (Independent Input Trees) than in Scenario 1 (Correlated Input Trees). That is because when trees are generated 
independently of each other, they tend to have numerous incompatible pairs of clusters with each cluster occurring in only a 
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very small number of trees. Therefore, the procedure Filter_Clusters removes many of the clusters, leading to smaller 
subproblems and fewer recursion levels, and hence faster running times.

7. Concluding remarks

We have introduced an O (kn log n)-time algorithm for computing the FDCT, which is asymptotically faster than the best 
previously known algorithm [8]. Moreover, we have implemented our algorithm and demonstrated that it outperforms the 
previously fastest implementation from [9]. The improved procedure Fast_Compute_Weights, presented as part of our 
new algorithm, can also be used in algorithms for building the greedy consensus tree [8,15,16], replacing the slower versions 
of the procedure.

Closing the gap between the upper bound of O (kn logn) and the lower bound of Ω(kn) for the running time of the 
fastest FDCT construction algorithm remains an important open problem.
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Comput. Sci. 521 (2014) 29--41.

[18] W.H. Day, Optimal algorithms for comparing trees with labeled leaves, J. Classif. 2 (1985) 7--28.
[19] W.D. Allmon, U.E. Smith, What, if anything, can we learn from the fossil record about speciation in marine gastropods? Biological and geological 

considerations, Amer. Malacolog. Bull. 29 (1) (2011) 247--276.
[20] N. García, A.W. Meerow, D.E. Soltis, P.S. Soltis, Testing deep reticulate evolution in Amaryllidaceae tribe Hippeastreae (Asparagales) with ITS and 

chloroplast sequence data, Syst. Bot. 39 (1) (2014) 75--89.
[21] J. Gorrie, Does culture evolve? Testing evolutionary theories of culture through a case study of El Khiam points from three sites in the Pre Pottery 

Neolithic A of the Southern Levant, Ph.D. thesis, Oxford Brookes University, 2021.
[22] G. Han, L.M. Chiappe, S.-A. Ji, M. Habib, A.H. Turner, A. Chinsamy, X. Liu, L. Han, A new raptorial dinosaur with exceptionally long feathering provides 

insights into dromaeosaurid flight performance, Nat. Commun. 5 (2014) 4382.
[23] M.C. Langer, B.W. McPhee, J.C.d.A. Marsola, L. Roberto-da Silva, S.F. Cabreira, Anatomy of the dinosaur Pampadromaeus barberenai (Saurischia--

Sauropodomorpha) from the Late Triassic Santa Maria Formation of southern Brazil, PLoS ONE 14 (2) (2019) e0212543.
[24] C. Lindqvist, J. De Laet, R.R. Haynes, L. Aagesen, B.R. Keener, V.A. Albert, Molecular phylogenetics of an aquatic plant lineage, Potamogetonaceae, 

Cladistics 22 (6) (2006) 568--588.
[25] C. Molineri, A cladistic revision of Tortopus Needham & Murphy with description of the new genus Tortopsis (Ephemeroptera: Polymitarcyidae), Zootaxa 

2481 (2010) 1--36.
[26] C. Molineri, F.F. Salles, Phylogeny and biogeography of the ephemeral Campsurus Eaton (Ephemeroptera, Polymitarcyidae), Syst. Entomol. 38 (2) (2013) 

265--277.
[27] C. Molineri, F.F. Salles, J.G. Peters, Phylogeny and biogeography of Asthenopodinae with a revision of Asthenopus, reinstatement of Asthenopodes, and 

the description of the new genera Hubbardipes and Priasthenopus (Ephemeroptera, Polymitarcyidae), ZooKeys 478 (2015) 45--128.
[28] R. Cole, M. Farach-Colton, R. Hariharan, T. Przytycka, M. Thorup, An O (n log n) algorithm for the maximum agreement subtree problem for binary trees, 

SIAM J. Comput. 30 (5) (2000) 1385--1404.
[29] M.A. Bender, M. Farach-Colton, The level ancestor problem simplified, Theor. Comput. Sci. 321 (1) (2004) 5--12.
[30] O. Berkman, U. Vishkin, Finding level-ancestors in trees, J. Comput. Syst. Sci. 48 (2) (1994) 214--230.
[31] S.K. Kim, J.-S. Cho, S.-C. Kim, Path maximum query and path maximum sum query in a tree, IEICE Trans. Inf. Syst. 92 (2) (2009) 166--171.
[32] The Boost C++ Libraries, https://www.boost.org/. (Accessed 14 September 2023).
[33] A. McKenzie, M. Steel, Distributions of cherries for two models of trees, Math. Biosci. 164 (1) (2000) 81--92.

15 

http://refhub.elsevier.com/S0022-0000(26)00077-2/bibC55B8B5154A940678B85FB28D77B61D4s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibC55B8B5154A940678B85FB28D77B61D4s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibE6ED62F06D710EE9072978DD0BC50141s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bib2717F84BF5562438F838FF534341CFFEs1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bib2717F84BF5562438F838FF534341CFFEs1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibA20AAD9047E6EBE655FDD79B4BA51FE7s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibA20AAD9047E6EBE655FDD79B4BA51FE7s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibC24EABA7DAE209B94424F883CF6D6102s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibC24EABA7DAE209B94424F883CF6D6102s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibA7FAC5784E4503307E64FD777CC0076Cs1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibA7FAC5784E4503307E64FD777CC0076Cs1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibCAAE244B1ECD7CAA4B8A157211419F89s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibCAAE244B1ECD7CAA4B8A157211419F89s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibD3DF01C26F12C30D1BE13D962C24AFABs1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibD3DF01C26F12C30D1BE13D962C24AFABs1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibD49ACD1BA0768ACB201DCD1A8E6270B5s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibD49ACD1BA0768ACB201DCD1A8E6270B5s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibF5D250143A3E117BFDC0FF570FE86782s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibF5D250143A3E117BFDC0FF570FE86782s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibC443CA19CFB24BB532088B12CA6D049Bs1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibC443CA19CFB24BB532088B12CA6D049Bs1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bib22B4451E7C5787BC9235FDCD517FE6C6s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bib22B4451E7C5787BC9235FDCD517FE6C6s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibBD5783A579D7F3A47209189C48EE351Es1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bib82A889257142099CD668201DAA4FAA94s1
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibB7A9DCC728703392722C4C062118879As1
https://www.boost.org/
http://refhub.elsevier.com/S0022-0000(26)00077-2/bibAF856A27340B404A7A8E26DEDB3FAA91s1

	A faster algorithm for constructing the frequency difference consensus tree
	1 Introduction
	1.1 Definitions and notation
	1.2 Previous work
	1.3 Organization of the article

	2 Preliminaries
	2.1 The delete operation
	2.2 Restriction of trees
	2.3 Expanded restriction of trees
	2.4 Merging trees
	2.5 The Max-Manhattan Skyline Problem
	2.6 Centroid paths and side trees

	3 Algorithm Fast_Frequency_Difference
	4 Procedure Fast_Compute_Weights
	5 Procedure Fast_Filter_Clusters
	6 Implementation
	7 Concluding remarks
	CRediT authorship contribution statement
	Declaration of generative AI and AI-assisted technologies in the writing process
	Declaration of competing interest
	Acknowledgments
	Data availability
	References


