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Abstract The fastest known algorithms for computing the R* consensus tree of
k rooted phylogenetic trees with n leaves each and identical leaf label sets run in
O (n?\/Togn) time when k = 2 (Jansson and Sung in Algorithmica 66(2):329-345,
2013) and O (kn3) time when k > 3 (Bryant in Bioconsensus, volume 61 of DIMACS
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matical Society, pp 163—184, 2003). This paper shows how to compute itin O (n?) time
fork =2, O(n? 10g4/3 n) time for k = 3, and O (n? logk+2 n) time for unbounded k.

Keywords Phylogenetic tree - R* consensus tree - Triplet - Strong cluster - Apresjan
cluster

1 Introduction

Distinctly leaf-labeled, unordered trees known as phylogenetic trees are used by scien-
tists to describe evolutionary history [11,18-20]. Given a set S of phylogenetic trees
having the same leaf labels but different branching structures, a single phylogenetic
tree that summarizes all the trees in S according to some well-defined rule is called
a consensus tree [4,11,20]. Consensus trees are useful when dealing with unreliable
data. For example, to infer an accurate phylogenetic tree for a set of species, one may
first construct a collection of alternative trees by applying resampling techniques such
as bootstrapping to the same data set, by running different tree construction algorithms,
or by using many independent data sets, and then compute a consensus tree from the
obtained trees. In general, maximum likelihood-based methods may construct a set of
almost-equally-optimal trees which can then be summarized in a consensus tree.

A number of different consensus trees have been defined and studied in the literature;
see [4], Chapter 30 in [11], or Chapter 8.4 in [20] for some surveys. This paper deals
with one particular consensus tree called the R* consensus tree [4], formally defined
in Sect. 1.1 below. Simply put, it is a tree with the same leaf label set as the input trees
and as many internal nodes as possible and whose resolved triplets (embedded binary
subtrees on three leaves) all occur frequently in the input trees.

One advantage of the R* consensus tree is that it provides a statistically consistent
estimator of the species tree topology when combining gene trees [9]. Furthermore,
under the multispecies coalescent model, the R* consensus tree is asymptotically
guaranteed to be fully resolved [9]. Also, as shown in [4], it is always a refinement
of the popular majority rule consensus tree [17], which means that besides all the
clusters of leaf labels present in the majority rule consensus tree, the R* consensus
tree may contain additional informative branching structure. From a theoretical point
of view, the R* consensus tree is also interesting because it generalizes the RV-1I1 tree
of [15] to more than two input trees [4]. On the negative side, the existing algorithms
for building the R* consensus tree [4,14,15] are rather slow. To alleviate this issue,
we present faster algorithms.

1.1 Definitions and Notation

In this paper, a phylogenetic tree is arooted, unordered, leaf-labeled tree in which every
internal node has at least two children and all leaves have different labels. See Fig. 1
for some examples. Unrooted phylogenetic trees are also used in many contexts [11],
but will not be considered here. Phylogenetic trees are called “trees” from here on,
and every leaf in a tree is identified with its label.

Let T be a tree. The set of all nodes in T and the set of all leaves in T are denoted
by V(T) and A(T), respectively. For any u € V(T'), T" is the subtree of T rooted at
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Fig. 1 Anexample. Let S = {Tq, T», T3} with A(T) = A(Tp) = A(T3) = {a, b, ¢, d, e} as above. Then
Rinaj = {abld, able, acl|d, acle, dela, bcld, bcle, delb, de|c} and the R* consensus tree T of S is the
tree on the bottom. In this example, 7(7) = Ryqj

u. Forany X C V(T), lca” (X) is the lowest common ancestor in T of the nodes in
X, and when | X| = 2, we simplify the notation to lcaT(u, v), where X = {u, v}, and
if T is unambiguous, we sometimes just write lca(u, v).

A triplet is a tree with exactly three leaves. Suppose that 7 is a triplet with A(¢) =
{x, v, z}. If ¢ is non-binary, it has one internal node; in this case, ¢ is called a fan
triplet and is denoted by x|y|z. Otherwise, ¢ is binary and has two internal nodes;
in this case, ¢ is called a resolved triplet and is denoted by xy|z where lca’ (x, y) is
a proper descendant of Ica’ (x, z) = Ica'(y, z). Thus, there are four possible triplets
x|ylz, xy|z, xz|y, yz|x for any given set of three leaves {x, y, z}.

For any tree T and {x, y, z} © A(T), the fan triplet x|y|z is said to be consistent
with T if lca” (x, y) = lca” (x, z) = lca (y, z). The resolved triplet xy|z is consistent
with T if lca” (x, y) is a proper descendant of Ica” (x, z) = lca’ (y, z). Let Tlix,y.2)
be the unique triplet with leaf set {x, y, z} that is consistent with 7. For any tree
T, let r(T) be the set of resolved triplets consistent with 7 and let #(7") be the set
of all triplets (resolved triplets as well as fan triplets) consistent with 7', i.e., define
r(T) = {Tljx,y,z;: {x, ¥, 2} € A(T) and T'||(y,y,7} is a resolved triplet} and #(T) =
{Tlix,y,zy: {x, v, 2} © AT}

Next, let S = {T}, ..., Tx} be a given set of trees with A(T}) = --- = A(Ty) =
L. Write n = |L|. For any {a, b, ¢} C L, define #ab|c as the number of trees 7; € S
for which ab|c € t(T;). The set of majority resolved triplets, denoted by R, is
defined as {ablc:a, b,c¢ € L and #ab|c > max{#ac|b, #bc|a}}. Note that the fan
triplets consistent with the trees in S have no impact here. An R* consensus tree of S
is a tree T with A(7) = L that satisfies 7(t) € R4 and that maximizes the number
of internal nodes. See Fig. 1 for an example.

For any leaf label set L, a cluster of L is any nonempty subset of L, and a tree T is
said to include a cluster A of L if T contains a node u such that A(T%) = A. Let R be
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a set of triplets over a leaf label set L = |J,. A(f) such that for each {x, y, z} € L,
at most one of x|y|z, xy|z, xz|y, and yz|x belongs to R. A cluster A of L is called
a strong cluster of R if aa’|x € R forall a,a’ € A witha # a’ and all x € L\A.
Furthermore, L as well as every singleton set of L is also defined to be a strong cluster
of R. Strong clusters provide a useful alternative characterization of R* consensus
trees, stated in the last part of the next lemma:

Lemma 1.1 [4,14] The R* consensus tree always exists, is unique, and includes every
strong cluster of Ryqj and no other clusters.

Lastly, the following definitions will be used in our algorithms for constructing
the R* consensus tree. Suppose that R is a set of triplets as in the paragraph before
Lemma 1.1. For each a, b € L with a # b, define sg (a, b) = |{w:ab|w € R}| and
for each a € L, define sg(a,a) = ‘L} — 1. A cluster A of L is called an Apresjan
cluster of sg if sg(a,a’) > sg(a, x) foralla,a’ € A and all x € L\A.

1.2 Previous Work

The R* consensus tree can be computed in O (kn?) time, where k = |S| and n = |L|,
by an algorithm from [4]: first construct the sets r(7;) for all T; € S in O (kn?) time,
then construct the set R ,,,4; by counting the occurrences in the  (1;)-sets of the different
resolved triplets for every {x, y,z} € L in O(kn?) total time, and finally apply the
0(n3)-time strong cluster algorithm from Corollary 2.2 in [5] to Ryg;. For k = 2, an
older algorithm for computing the RV-III tree of two input trees in O (n3) time [15]
can also be used [4] to achieve the same running time.

Since Ruqj may contain 2(n?) elements, any method that explicitly constructs
Rmaj requires .Q(n3) time. For the special case of k = 2, it was shown in [14] that
the R* consensus tree can in fact be computed in O (n>,/Togn) (= o(n?)) time. The
algorithm from [14] is reviewed in Sect. 1.3.

Note that the R* consensus tree T satisfies () € Ry by definition; in other
words, it is not allowed to introduce new resolved triplets that were not already in
Rmaj- Relaxing this requirement leads to other types of consensus trees such as the
local consensus trees studied in [4,13,15] and the triplec consensus tree [10].

1.3 Overview and Summary of New Results

To compute the R* consensus tree without constructing R4, the algorithm in [14] for
k = 2 and the new algorithms in this paper follow the same basic strategy, summarized
as Algorithm R*_consensus_tree in Fig. 2. Before explaining the details, some
simple observations are needed. Since every strong cluster of R is an Apresjan cluster
of s [4,14], one can see that in the case R = Ry, the set of Apresjan clusters of
SR, forms a superset of the set of strong clusters of R,q;. Moreover, by Theorem 2.3
in [5], there are O (n) Apresjan clusters of s, and they form a nested hierarchy on L,
i.e., a tree, which can be constructed in O (n?) time with the method of Corollary 2.1
in [5] when the value of SRy (@5 D) for any a, b € L is available in O (1) time.
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Algorithm R*_consensus_tree
Input: A set S = {T1,...,T)} of trees with A(Th) =... = A(Tx) =L
Output: The R* consensus tree of S

1: Compute and store sz, , (a,b) for all a,b € L;
: Compute the Apresjan clusters of SRomayi
: for each Apresjan cluster A of SRoma; do
Determine if A is a strong cluster of R.q;;
end for
Let C be the set of strong clusters of Ryq;, and build a tree T' which includes all
clusters in C and no other clusters of L;

7: Output T;

SR

Fig. 2 Algorithm R*_consensus_tree

Now, the idea behind Algorithm R*_consensus_tree is to first compute a
superset of the set of strong clusters of Rqj, namely the Apresjan clusters of sz,
(Steps 1 and 2), then remove any clusters that are not strong clusters of R4 (Steps 3—
5), and return a tree that includes precisely the remaining clusters (Steps 6-7). By
Lemma 1.1, this tree is the R* consensus tree.

The time complexity of Algorithm R*_consensus_tree depends on various
factors. As shown in [14], if k = 2 then computing the values of SRonaj (a, b) for all
a,b € L in Step 1 can be done in O (n?/Togn) time in total, while all other steps
take O (n?) time. Section 2 below improves the time complexity of Step 1 to O (n?),
yielding an O (n?)-time solution for k = 2.

For k > 3, we observe that Steps 2, 6, and 7 do not depend on %, so these steps
take a total of O(nz) time as in [14]. However, Steps 1 and 3-5 have to be modified;
for example, the conditions in Lemma 13 in [14] for checking if a given cluster is a
strong cluster of R, only work if k = 2.1 As for Step 1, Sects. 3.1-3.3 show how to
compute SR, (a,b)foralla,b € Lin O(n2 log“/3 n) time when k = 3, and Sect. 4.1
in O(n? logk n) time for unbounded k. For Steps 3-5, Sect. 3.4 gives an O (n’a(n))-
time solution when k = 3, where «(n) is the inverse Ackermann function of n, while
Sect. 4.2 gives an O (n*logk*? n)-time solution for unbounded k.

In summary, we obtain the following new results:

Theorem 1.2 Let S be an input set of k trees with n leaves each and identical leaf
label sets. The R* consensus tree of S can be computed in:

o On?) time when k = 2;
o O(n*log*? n) time when k = 3; and
o O(n*log"*? n) time when k is unbounded.

I An example with k = 3 for which Lemma 13 in [14] fails is: T} = (((a, b), ¢, d), (e, ));, T» =
(b, f),a,c),d,e));, T3 = (((a,c),b,e),(d, [)); (here, trees are expressed using Newick
notation; see hitp://evolution.genetics.washington.edu/phylip/newicktree.html). Then R;q; =
{abld, able, ab|f, acld, acle, acl|f, bc|d, bcle, bc|f}, and A = {a,b,c} is a strong cluster of
Ringj by definition. However, condition (1) in Lemma 13 of [14] does not hold for i = 2 as the subtree
U = (b, f); of T rooted at a child of lca’ (A) does not satisfy A(U) € A or A(U) € L\A.
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Thus, if k£ < (log:::% for some € > 0, the time complexity of computing the R*
consensus tree is subcubic in n. We remark that in case k is large compared to n (for
example, if resampling techniques are used to generate the input trees), the simple
O (kn?)-time method referred to in Sect. 1.2 is faster than the above. On the other
hand, in applications where k£ may be much smaller than n (e.g., if the input trees are
derived from alternative data sets or collected manually from the literature), the new

algorithms will be useful.

2 Computing the R* Consensus Tree When k = 2

This section proves that SRomaj (a,b) for all a, b € L with a # b can be computed in

O (n?) time in total when k = 2, thereby reducing the time complexity of Step 1 of
Algorithm R*_consensus_tree in Sect. 1.3 (and hence the algorithm’s overall
running time) to 0(n?).

Recall that the function sg,,; is defined by sz, (@, b) = [{w:ablw € R} for
any a,b € L witha # b, and sR,,,(a,a) = [L| — 1 for any a € L. By definition, a
resolved triplet ab|w belongs to R, if and only if it is consistent with both 77 and
T,, or it is consistent with one of 77 and 7> and a|b|w is consistent with the other
tree. Corollary 1 in [14] states that sg, .(a, b) = count,(a, b) + count, r(a, b) +

maj

count y,r(a, b) for every a, b € L with a # b, where:

county,(a, b) = |{w € L\{a, b}:ablw € t(T}) Nt(T»)}|
county s (a, b) = |{w € L\{a, b}:ablw € t(Ty), alblw € t(T»)}]
count ¢, (a,b) = |{w € L\{a, b}:alblw € t(T1), ablw € t(T»)}|
Section 4 in [14] showed that count,., (a, b), count, ¢(a, b), and count s, (a, b) for all
a, b € L canbe calculated in O(n2«/10g n), O(n?),and O (n?) total time, respectively.

We now eliminate the bottleneck by computing count,., (a, b) foralla, b € Lin O (n?)
total time.

Lemma 2.1 Foreverya,b € L, it holds that:

county,(a,b) = |L| — | A (T{“”(“*”)) |- 14 (T;““”’b)) |

+ |A (Tllca(a,b)) nA (Tzlca(a,b)) |

Proof Itis easy to see that count, ,(a, b):}{w € L\{a, b}:ab|lw € t(T7) and ab|w €
(Y = [AAT D) 0 @NAT) = L) =A@y U
A(Tgca(a’b))L By the inclusion-exclusion principle, the latter expression is equal to
L = [AT D)) = AT D) 4 AT 0 Ay, o

Lemma 2.2 The values of count, ,(a, b) for all a,b € L can be computed in 0 ((n?)
time in total.
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Proof For i € {1,2}, compute and store all values of |A(T}")|, where u € V(T;), in
O (n) time by doing a bottom-up traversal of each tree. Also, compute and store all
values of |A(T{) N A(T})|, where u € V(T}) and v € V(T3), in O (n?) time by the
postorder traversal-based method used in Lemma 7.1 in [1]. Preprocess 7 and 73 in
O (n) time so that any subsequent /ca-query can be answered in O (1) time [2,12].
Next, for each a, b € L, obtain count, ,(a, b) in O(1) time by applying the formula
in Lemma 2.1. The total running time is O(nz). |

3 Computing the R* Consensus Tree When k = 3

We now focus on the case of three input trees. Sects. 3.1-3.3 and 3.4 describe how to
implement Step 1 and Steps 3-5, respectively, of Algorithm R*_consensus_tree.

3.1 Computing sz, Whenk =3

Suppose that S = {Ti, T», T3}. For every ab|w € R, there are three possibilities:

Lemma 3.1 Foranya,b, w € L, ablw € Ry, if and only if either

1. ablw is consistent with Ty, T, and T3, or
2. ablw is consistent with T; and T but not Ty, for {i, j, k} = {1, 2, 3}, or
3. ablw is consistent with one of T\, Ta, T, and a|b|w with the other two.

To help us count the triplets covered by the different cases in Lemma 3.1, we define:

county.yr(a,b) = |{w € L\{a, b}:ablw € 1(T) N 1(T2) Nt(T3)}]|
countrTf,’lj (a,b) = |{w € L\{a, b}:ablw € t(T;) N t(T,-)}
withi < j

, fori, j € {1,2,3}

countrTiff(a, b) = |{w € L\{a, b}: ab|w € t(T;) and a|b|w is consistent with
the other two trees}|, fori € {1, 2, 3}

Then, SRomaj (a, b) can be expressed as in the next lemma.

Lemma 3.2 For everya,b € L witha # b,

3
SRonaj (a,b) = ZcountrTfﬁf(a, b) + Z countrTfr’,Zj (a,b) — 2count,, (a,b).

i=1 l<i<j=3

Proof For any {i, j,k} = {1,2,3} with i < j, define Wii-Ti(a,b) = {w €
L\{a.b}:ablw € t(T,) N t(T;) andablw ¢ t(T})}. Then count,;y (a.b) =
\WTi-Ti(a, b)| + countyr,(a,b). By summing over all pairs of trees, we get
(W T (a, )] + W T (@, b)| + (WD (@, b)| = 3 =3 count,’y (a.b) —
3count, . (a, b).
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Next, by Lemma 3.1,

SRng (@ b) = county ;(a, b) + W (a, b)| + W B (a, b)| + W™ (a, b)

+ countrTﬁlfﬁ sla.b)+ countrT’zf’ sla.b)+ countrTff’ sla.b)

.7
= county, (a,b) + Z count,' (a, b) — 3count, (a,b)

I<i<j=<3

3
+ Z countrTff’ / (a, b)
i=1

3
= Zcountfff’f(a, b) + Z countrTf;,Zj (a,b) — 2count,, ,(a,b).
i=1

I1<i<j<3
O

For each pair i, j € {1,2,3} withi < j, the values of count,Tf,’,Zj (a, b) for all
a,b € L can be obtained in O (n?) time by the method from Lemma 2.2 in Sect. 2
with T; and 7 as the two input trees. The next subsections show how to calculate
the values of count, ,(a,b) foralla,b € L in O(n2 log“/3 n) time (Lemma 3.6 in
Sect. 3.2) and countrT”'f’f(a, b) foralla,b € L foreachi € {1,2,3} in 0 (n?) time
(Lemma 3.9 in Sect. 3.3). Then, we can apply the formula in Lemma 3.2 to get each
value of sg_ . (a, b) in O(1) time. In summary:

maj

Lemma 3.3 When k = 3, the values of sR,,,(a, D) for all a,b € L can be computed
in O(n? 10g4/3 n) time in total.

3.2 Computing count, ;. ,

First, rewrite count, , ,(a, b) in a way analogous to the expression in Lemma 2.1:

Lemma 3.4 Foreverya, b € L, it holds that:

3
county (@, b) = |LI=3_|a (1) [+ > |a(r ) na (i)
i=1

1<i<j<3

_ ‘A (Tllca(a,b)) nA (Tzlca(a,b)) nA (Tfslca(a,b))‘ .

Proof By definition, count, ,,(a,b) = |{w € L\{a, b}:ablw € t(T1), ablw €
1(T2), ablw € 1(T3)}| = [(L\AT““PNNLN AT PNOLN AT )| =
IL| — ATy U ATy U ATE““P))). The inclusion-exclusion princi-

ple gives |A(Tllca(a,b)) U A(Tzlca(a,b)) U A(T3lca(a,b)” — Z?:l |A(Tilca(a,b))| _
zl§i<j§3 |A(Tl.lca(a’b))ﬂA(T;ca(a’b)ﬂ+|A(Tllca(a’b))ﬂA(Tzlca(a’b))ﬂA(T;ca(a’b))L
The lemma follows. 0
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Lemma 3.5 Let a € L be fixed. Then the values of |A(Tllca(a‘b)) N A(Tzlca(a’b)) N
A(T;Cd(a’b)ﬂfor all b € L\{a} can be computed in O(nlog*’ n) time in total.

Proof For every w € L\{a} and i € {1,2,3}, let d”i(w) be the distance in
T; from the leaf a to the node lca’i (a, w). Observe that for any b,w € L\{a}
and i € {1,2,3},w € AT“P) if and only if d” (w) < d” (b). Thus, for
any b € L\{a}, we have |A(T{“““P)y 0 ATy 0 AT = Jw e
L\{a, b}:d"(w) < d"'(b), d™>(w) < d™(b), and dT3(w) < dT3(b)}|.

Represent each w € L\{a} as a three-dimensional point with coordinates
(@™ (w), d™ (w), d™ (w)). For any specified b € L\{a}, it follows that | A(T{“““"")n
A(Tzlca(a’b)) N A(T;ca(a’b)ﬂ equals the number of points on or inside the box
[1:dT(b)] x [1:d™>(b)] x [1:d">(b)]. By using Corollary 4.1 in [6] for offline
orthogonal range counting in three dimensions, these numbers can be obtained for
allb € L\{a} in O(nlog>~2t13n) = O(nlog*?n) time in total. o

Lemma 3.6 The values of count,,,(a,b) for all a,b € L can be computed in
0 (n? 10g4/3 n) total time.

Proof Asin the proof of Lemma 2.2, use O (n?) time to compute and store all values of
|A(T!")|, whereu € V(T;)andi € {1, 2, 3}, and all values of |A(Ti”)ﬂA(T]V)|, where
ueV(),veV(Tj)and1l <i < j < 3. Also, preprocess T; foreachi € {1, 2, 3}in
O (n) time so that Ica-queries can be answered in O (1) time [2,12]. Then, foreacha €
L, apply the method in Lemma 3.5 to compute and store | A( Tll“’(”’b)) NA (Tzl"“(“’b)) N
AT forall b € L\{a}; this takes O (n1og*/3 n)- 0 (n) = 0 (n? log*? n) time.

Finally, for each a,b € L, compute count, ,,(a,b) in O(1l) time according to
Lemma 3.4. The total time complexity is O (n? log*/3 n). O

3.3 Computing countrTi ff

This subsection describes how to compute all values of countrT"f’ f(a, b) = }{w €
L\{a, b}:ablw € t(T1), alblw € t(T>), and alb|lw € t(T3)}|, where a, b € L. The
other two functions of the same type, countrT’zf’ 7 and countrTfﬁ > can be computed in
the same way.

Suppose that a € L is fixed. Let (vg = a, v1, ..., vp) be the path in T3 from leaf
a to the root of T3. For j € {1, ..., p}, define W; = A(T;" )\ A(T;’""). Importantly,
{W1,..., W,} forms a partition of L\{a}. Also, for any b € L\{a} and any w €

L\{a, b}, a|b|w is a fan triplet in ¢ (73) if and only if w belongs to the same W ;-set as
b while b and w belong to different subtrees rooted at the children of v;; see Fig. 3. For
any S C Land b € S, define 07 772(S,b) = |{w € S:ablw € t(T}) and alb|lw €
t(T»)}|. Lemma 3.7 explains how to use o7 (S b) to compute countrT,‘f,f(a, b).

Lemma 3.7 For any W;, where j € {1,..., p}, and any b € Wj, let ¢, be the
child of v; such that b € A(Ty"). Then countrTﬁlf’f(a,b) = ol "W, b) —
o =R (A(TS?), b).
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Fig.3 Suppose b € W;. Then
alblw € t(T3) for every leaf w
in the shaded parts of 73.

Proof

countrTylfyf(a, b) = | {w € L\{a, b}:ablw € t(T1), a|blw € t(Tz), alblw € t(T3)}|
= | {w € (Wj\A(T3C”)) rablw € t(Ty) and a|b|w € I(Tz)}l
= | {w € Wj:ablw € t(T) and a|b|w € t(Tz)}I
—{w € A(Ty*):ablw € t(T1) and alblw € 1(T>)} |
= oWy, b) — o T (A(TS?), b)  (by definition) O

To compute o 71772 (S, b) efficiently, we rely on the next lemma.

Lemma 3.8 After O(n) time preprocessing, given any S € L, oT-"12(S, b) for all
b € S can be computed in O(|S]) time.

Proof Use the method in Section 8 of [7] to preprocess each T, j € {1, 2}, in O(n)
time so that the subtree of 7; induced by any L’ C L can be retrieved in O(|L’|)
time. Then, given any S C L, apply Algorithm Compute_count_rf in Section 4.3
of [14] (which computes count, r(a, b) = |{w € S:ab|w is consistent with the first
tree and a|b|w is consistent with the other tree}| for all b), to the subtrees of 7 and
T» induced by S U {a} to get o1 712(S, b) for all b € S in O(|S]) time. O

This suggests the algorithm named Compute_count_rff T1 inFig. 4 for com-
puting countrT!‘ﬂ (a, b) for all b € L\{a} for any fixed a € L. First, it builds the
partition {Wy, ..., Wy} of L\{a} as defined above. This takes O (n) time. Then, T}
and T are preprocessed in O(n) time so that Lemma 3.8 can be applied. For each
j €f{l,..., p}, the algorithm then computes GTI’“TZ(Wj, b) and o 11772 (A(T;”), b)
for all b € W;. By Lemma 3.8, this step can be done in O(Zf=1 [W;]) = O(n) time
(for every b € W}, to identify the child ¢, of v; such that b € A(T;”) in O(1) time,
one can store the depths of all nodes in 73 and use the level-ancestor data structure,
which requires an additional O (n) time preprocessing [3]). Finally, Lemma 3.7 is
used to obtain count:}’f(a, b) forevery b € Wj and j € {1,..., p} in O(n) time.
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Algorithm Compute_count_rff_T1
Input: a € L
Output: countZHf ¢la,b) forall b€ L\ {a}

1: Partition L \ {a} into {Wh,..., W)} by traversing T3 from a to the root of T3 and
setting, for every j € {1,...,p}, W; = A(T;J) \ /1(T;jj_1)7 where v; is the jth
internal node along the path and vg = a;
Preprocess T1 and T5 so that Lemma 3.8 can be applied;
for j=1,...,pdo

Compute o717 T2 (W}, b) and o717 T2 (A(T5"),b) for all b € Wj;

Compute countzﬂ’lfﬁf(a, b) for all b € W; using Lemma 3.7;
end for

Fig. 4 Algorithm Compute_count_rff T1

In total, the time complexity of Compute_count_rff_ T1 is O(n). By running
Compute_count_rff_ T1 once for each a € L, we get countrTlff(a, b) for all

a,b € L in O(n?) total time. The functions countrTyzfy  and countrTfﬁ s are handled
similarly.

Lemma 3.9 Foreachi € {1, 2, 3}, the values ofcountrTff’f(a, b) foralla,b € L can
be computed in O (n?) total time.

3.4 Determining Which Clusters are Strong Clusters for k = 3

Steps 3-5 of Algorithm R*_consensus_treein Sect. 1.3 need to determine which
Apresjan clusters of sg,,,. are strong clusters of Ryqj. This subsection presents a
method for doing so efficiently.

We first give some definitions. Let A € L. For each j € {1, 2, 3}, write ui =
lca®i (A). Define the following two disjoint subsets of L\A:

(i) P4 = the set of all x € L\A such that lca’i (a, x) is a proper descendant of uf‘
for some a € A and some j € {1, 2, 3}; and .

(i) Q4 = the set of all x € L\A such that lca’i (a, x) = ui\ for all a € A and all
je{l,2,3}

If [A] = 1then Py = Q4 = . Aleaf x € L\A is called an outsider in T}, where
Jj € {1,2,3},if x is not a descendant of ui in T}. See Fig. 5 for some examples.

Also, for any A C L, define an undirected graph G4 = (A, E4) whose edge set
is given by E4 = {{a, a'}:lca’i(a, a’) is a proper descendant of ui for at least one
j €{1,2,3}}. Then we have:

Lemma 3.10 Forany A C L, A is a strong cluster of Ry if and only if: (1) each

x € Py isanoutsider in exactly two trees from {Ty, T, Tz}, and (2) if Q 4 is nonempty,
the graph G 4 is a complete graph.
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y X y X vz

Fig. 5 Tllustrating the definitions of P4 and Q 4. Suppose that A consists of the leaves marked by short
vertical lines in 77, 7, and 73. Then x € P4,y € Q4,and z ¢ P4 U Q4. Also, x is an outsider in T}
while z is an outsider in 77 and 7,

Proof (—)If Ais astrong cluster of R,qj thenaa’|x € Rygqjforalla,a’ € A, a # d’,
and x € L\ A. For every x € Py4, by definition, there exists a tree 7; with i € {1, 2, 3}
and some b € A such that lca’i (x, b) is a proper descendant of M’A. Let B be the
subset of A such that lca”i (x, D) is a proper descendant of u’A for all b € B. Then,
for every a € A\B and b € B, it immediately follows that bx|a € ¢(T;). For any
a € A\B, b € B,inorderforab|x € Ry tohold, we therefore need ab|x € t(T;) for
all j € {1,2,3}\{i},a € A\B, b € B. We claim that this requires x to be an outsider
in T; for both j € {1, 2, 3}\{i}. For the sake of obtaining a contradiction, assume x is
not an outsider in 7';. To ensure ab|x € t(T}), lca”i (a, b) mustbe a proper descendant
of u), foralla € A\B and b € B. This means that lca’/ ((A\B) U B) = lca’i(A)

is a proper descendant of ui‘, which is impossible because u’, = Ica’i(A). Hence,
x € Py is an outsider in two trees.

When Q 4 is nonempty, there exists some x € Q4. Foralla,a’ € A witha # a’,
since aa’|x € Rnaj» the node lca®i(a,a’)isa proper descendant of ui‘ for at least one
Jj €{1,2,3},s0{a,a’} € E4. Hence, G 4 is a complete graph.

(<) First consider any x € P4. Since x is an outsider in two trees, for every
a,a € A witha # a’, the resolved triplet aa’|x occurs twice in the sets £(T), 1 (T2),
and 1(T3). Hence, ad’|x € Ryqj.

Next, suppose that Q4 # @. For any x € Q4, x is not an outsider in any of the
trees and thus either ala’|x € t(T}) or aa’|x € t(T;) for each j € {1, 2,3} and
a,a’ € A,a # d'. Since G4 is a complete graph, it holds for all a,a’ € A with
a # a that lca®i(a,d’) is a proper descendant of ui\ for at least one i € {I, 2, 3},
which implies that aa’|x € 1(T;). Thus, for all a, a’ € A, ad’|x € Ryqj.

Finally, consider any x € (((L\A)\P4)\Q4). Since x ¢ Py, lca®i(x, a) is not a
proper descendant of ui‘ forany a € A and j € {1, 2,3}. Thus, for any a,a’ € A
witha # a’, either aa’|x € t(T}) orala’|x € t(T;) foreach j € {1, 2, 3}. In addition,
since x ¢ Qa, we have ala’|x ¢ t(T;) for every j € {1, 2,3}, which shows that
ad’|x € Rygjforalla,a’ € A.

In conclusion, aa’|x € Ry foralla,a’ € A,a # a’,and x € L\A,s0 Aisa
strong cluster. O
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Procedure Check_all Apresjan_clusters
Input: A tree A of all Apresjan clusters of sg, .
Output: A list of all the strong clusters of R,q;
1: for all nodes v in A in bottom-up order do
2 Let A be the Apresjan cluster of SRomaj corresponding to v;
3: if v is a leaf then
4 /* Without loss of generality, assume A = {a} *
5 Set “,14 = u% = u% to be the leaf with label a and let G4 be a graph with a
single vertex a;
6: Let By = B2 = B3 = {A};
7 else
8: /* v is an internal node */
9: Let Ai,..., A, be the Apresjan clusters corresponding to the children of v
and form G4 by merging G4,,...,GAa,,;
10: for j =1,2,3 do ] )
11: Update v’y = lcaTi (uf41 ey ui‘m);
12: Partition A into a set of blocks B% such that each block B € 834 contains
all the elements of A that appear in the same subtree attached to u%;
13: Compute Zg = ;”:1(8%7 |B) for every block B € Bi‘;
14: for every block B € Bf4 do
15: Insert all edges {z,y} into G4 where x € X, y € Y and where X and Y
are two different sets in Zg;
16: end for
17: end for
18: end if
19: If A satisfies the condition in Lemma 3.10 then output A;
20: end for

Fig. 6 Procedure for finding all strong clusters of RRyqj

Procedure Check_all_Apresjan_clusters in Fig. 6 applies the condition
in Lemma 3.10 to find all strong clusters of R,,4;. To avoid building each G 4-graph
from scratch, the procedure assumes that the Apresjan clusters are specified in the form
of a tree A, so that the information in the G 4-graphs can be reused as it goes upwards
in A (as mentioned in Sect. 1.3, A can be obtained in O(nz) time [5]). The procedure
builds the G 4-graphs for all Apresjan clusters A in bottom-up order, according to the
given tree A. Each G 4 is represented as a set of edges. To simplify the construction,
for j = {1, 2, 3}, the procedure maintains ui{ = lcali (A). It also maintains 557, , which
is the partition of A such that each block B € Bi contains all elements in A that appear

in one subtree attached to the node ui\.
For any set X of subsets of L and any L’ C L, define X|L' ={X € X: X C L'}.

Lemma 3.11 The procedure Check_all_Apresjan_clusters outputs all
strong clusters of Rygj in O(nza(n)) time, where o(n) is the inverse Ackermann
function of n.

Proof For each leaf in A (corresponding to an Apresjan cluster of the form A = {a}),
G 4 has no edges. For j € {1, 2, 3}, ui is the leaf with label a and Bi consists of
exactly one set A. This shows that every leaf in A can be processed in O (1) time.
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For each internal node v in A (corresponding to a non-singleton Apresjan cluster
A), the procedure needs to compute uﬁ‘ and Bi\ for j € {1, 2, 3} and the graph G 4.
Let Ay, ..., A, be the Apresjan clusters corresponding to the children of v in A. For
jef{l,2,3}, ui‘ = lcali (A) can be computed in O (] Al) time [2,12] after linear-time
preprocessing. Similarly, by enumerating all a € A and checking which subtree of
uﬁ‘ that a belongs to by the level-ancestor data structure [3], Bﬁ for j € {1,2,3} can
be computed in O(]A|) time. The graph G 4 should contain all edges {x, y} where
X,y € Band B € Bi. To construct G 4, include: (1) all edges in G4, ..., G4,,; and
(2) for j € {1,2,3}, for all B € B/, all edges {x, y} wherex € X,y € Y, X # 7Y,
and X, Y € U;’;](Bgiw).

Finally, we analyze the time complexity of Check_all_ Apresjan_clusters.
For each Apresjan cluster A, the partition Bi‘ and the node uﬂ‘ can be obtained in
O(|A|) = O(n) time. To build the G 4-graphs, observe that we will insert O(nz) new
edges in total and do a merge O (n) times. Using the union-and-find data structure
(see, e.g., [8]), building all G 4-graphs takes O (n’a(n)) time. The total running time
becomes O (n%a(n)). O

4 Computing the R* Consensus Tree for Unbounded &

Section 4.1 shows how to compute sg,,,(a,b) for all a,b € L in O (n?logk n)

time. Section 4.2 shows how to check which Apresjan clusters are strong clusters
in O(n?1og"*? n) time.

4.1 Computing s, for Unbounded k

Here, we give a procedure that, for any fixed a € L, computes s, (a, b) for all
b € L\{a} in O(nlog" n) time.

Let occ(ab|w, Tj;..j1) be the number of occurrences of ablw in t(T;), ..., t(T}).
Denote s;V[l’jiy’z(a, b) = |{w € W:occ(ablw, Tj1.i)) +x > max{occ(aw|b, Tj1.i) +
(a,b) =

maj

v, occ(bwl|a, Tjy i) + z}} | For a fixed a € L, our goal is to compute s

sIT‘l’IOLJO’O(a, b) forallb € L\{a}.In the formula fors;[[/l’)i_}y’z(a, b), W is not any arbitrary

subset of L; we require, for all w € W, that x, y, and z are the number of occurrences

of ab|w, aw|b, and bw|a, respectively, in Tj1, ..., Tx. These three integers will be
used to pass information during recursive calls.
In each tree T; € {T1,...,Ty}, any w € L\{a} is represented by a pair

(dTi (w), 7;(w)), where d%i (w) is the distance in T; from a to lca’i(a, w), and
i (w) = j, where w is a descendant of the jth child of Ica¥i (a, w). The occurrence
of a triplet in 7 (7;) is then given by (cf. Theorem 1 in [16] and Lemma 7 in [14]):

Lemma 4.1 Let b € L\{a}. For any w € L\{a, b} andi € {1, ..., k}:

1. ablw € 1(T;) ifand only if dTi (b) < d"i (w);
2. aw|b € t(T;) ifand only if dTi (b) > d"i (w); and
3. bwla € t(T;) ifand only if dTi (b) = d"i (w) and 7; (b) = 7;(w).
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B BT(W;,T1)

,'/" \\VBT(WI" Tl)

Level k Level k — 1 Level 1

Fig.7 Sketch of the data structure By ;. Each node u in BT (W;, T;) at level i points to BT (W;_1, T;_1)
atlevel i — 1, where W;_1 = A(BT (W;, T;)")

BT(W;,T;) BT(1"i(d,,))

7

Fig. 8 At each level i, BT (W;, T;) is a balanced binary search tree for {d, ..., dp}, where W =

{wi, ..., ww} € Land {dy,...,dp} are the distinct values in the set {d7i (wy), ..., d”i (wy))}. Every
node vin BT (W;, T;) points to abalanced binary search tree for {r1, ..., 74}, denoted by BT(nTi (dTi v)))
above, where 7 7i (d) = {w e w:dTli(w) = d} and where {7y, ..., 4} are the distinct values in the set

{mi (w): w € 7Ti (d)}. Every node u in BT (7 Ti (d”i (v))) contains aset {w € W:dTi (w) = d, m;(w) = 7}

We build a recursive data structure By x in O(|W| logk |[W]) time that yields the
value of s%’i’]y’z(a,b) for any b € W\{a} and any x, y,z in O(logk|W|) time.
Figures 7 and 8 outline the structure of By ; graphically. The details of By j are

described next.

4.1.1 The Case k = 1

For the base case k = 1, the data structure By consists of a balanced binary search
tree BT (W, T) for all distinct d7! (w)-values, where w € W. There may be multiple
elements of W with the same d”1 (w)-value. For each such node, we replace it by a
balanced binary search tree for these multiple elements and index them using the keys
71 (w). The additional nodes are called yellow nodes. The data structure By 1 can be
constructed in O (|W]) time.
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Now we show how to compute sT[lx "*(a, b) from By 1. For any leaf b € W, let
P be the path from the root of BT (W, T1) to b. Since BT (W, T1) is a balanced tree,
P is of length O (log |W|). We partition the subtrees attached to P into four sets:

o Wy, is the set of subtrees attached to the yellow nodes of P where 1 (b) # 71 (w)
for all leaves w in the subtrees of W,y,.

o W4 is the set of subtrees attached to the yellow nodes of P where 1 (b) = m1(w)
for all leaves w in the subtrees of W,,;4.

o Wiy is the set of left subtrees attached to the non-yellow nodes of P.

o W,igp is the set of right subtrees attached to the non-yellow nodes of P.

Note that a|b|w € t(Ty) for all w € A(S) and S € Wpy,. Similarly, bw|a € t(T) for
allw € A(S) and § € Wpq. Also, aw|b € t(Ty) forall w € A(S) and S € Wiep.

By the definitions and Lemma 4.1, sW * y “(a,b) = A+ B + C + D where:

A= ZSvean [A(S)|if x > y, x > z; and O otherwise.

B =2 sew,, [ASIifx >y, x > 1+ z; and 0 otherwise.

C = ZSeWW, |A(S)|if x > 1+ y, x > z; and O otherwise.

o D= ZSGW,,-g;,, [AS)|ifx+ 1>y, x4+ 1> z;and 0 otherwise.

There are O(log|W|) subtrees, so we can easily determine s‘TV[1 ’Xl’]y “(a,b) in
O (log |W]) time.

4.1.2 The Case k > 1

Next, for any k > 1, assume we can create a data structure By x—; from which
s;vl ); > lz(a b) can be computed in O (logc=! |W|) time. Then we build the data struc-
ture By , consisting of two parts, as follows. Firstly, similar to the case k = 1, we
build a binary search tree BT (W, T}). Secondly, for every subtree S in BT (W, Tj),
we build the data structure B (s) x—1. The time required to build By x depends on
the time needed for the two parts. For the first part, as shown above, BT (W, Tj)
can be constructed in O(|W|log |W|) time. For the second part, > {|A(S)|: S is a
subtree of BT (W, T;)} = O(|W|log|W]). Since B,(s),k—1 can be constructed in
O(|A(S)| logh=1 | A(S)]) time, the second part takes O (|W|logk [W|) time.

We now discuss how to use Bw  to compute s%’xk’y’z(a, b). Forany b € W,
similar to the case k = 1, first find the path P from the root of BT (W, Ty) to b.
There are O (log |W]) subtrees attached to P. Partition these subtrees into the four sets
Wians Winid, Wiesr, and Wiigp, according to the same criteria as for k = 1 above. Then:

Lemma 4.2 Forany b € W, let Wgn, Winia, Wright, Wier be the four sets of subtrees
attached to the path from the root of BT (W, Ty) to b. It holds that sT[lx Yia, b) =
A+ B+ C + D, where

_ A(S).x,y,z
e A= ZSve,m ST (a, b).

A(S) x,y,z+1
* B= ZSGszd T k-1 (@, b).
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Procedure counting_query
Input: Integer 1€40,1,...,k}, W C L, integers z, y, z, leaf b€ L\ {a}.
Output: sT’ ’y’ (a,b)

1: if i =0 then

2: if £ >y and « > z then

3: return |W|;

4: else

5: return 0;

6: end if

7: else

8:  Let P be the path from the root of BT (W, T;) to b;

9: Compute the sets Wran, Winid, Wrights Wiest of subtrees attached to P;
10 A= ZSEWfan counting_query(i — 1, A(S),,y, 2, b);
11: B= ZSeVV‘midcounting,query(i —1,A(S),z,y,z+ 1,b);
12: C = ZSGerft counting_query(i — 1, A(S),z,y + 1, 2,b);

13: D= ESEWriqht counting query(i — 1, A(S),z + 1,y, 2, b);
14: return A+ B+ C + D;
15: end if

Wx)L

Fig. 9 Procedure for computing s, (a, b), assuming By ; is available

[1.k—1]

_ A(S),x+1,y,z
e D= Zsewright ST[I k=1 (a,b).

A(S) x,y+1,z
o C=gm, 5t (@, b).

Figure 9 lists the pseudocode of the procedure counting_guery for computing
S;V“ xk]y “(a, b), given By . See also Fig. 10 for an illustration. The next lemma bounds

its running time.

Lemma 4.3 Given the data structure By j for a fixed a € L , forany b € L\{a}, Pro-

cedure counting_query(k, W, x, y, z, b) computes STy s W.x, yz(a b) in O(log n)
time.

Proof The procedure first identifies the path P from the rootto bin BT (W, Ti). Then,
it computes four sets of subtrees Wyan, Wiia, Wright, and Wiep. Since BT (W, Ty) is a
balanced tree, it takes O (log n) time to obtain them. Then, for each subtree S, it makes
a recursive call using the data structure B (s),k—1, wWhich requires O (logk=!' i) time.
In total, the running time is O (log* n). O

4.2 Determining Which Clusters are Strong Clusters for Unbounded &

Let A be the tree of all Apresjan clusters. An O (n? logt*? n)-time method for checking
all the clusters included in A to see which of them are strong clusters is developed in
this subsection.

Forany A € L anda, b € A with a # b, define s%maj(a, b) = {w € A:ablw €
‘Rimaj}l. The following lemma allows us to verify if A is a strong cluster.
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BT(W;,T))

BT(n"i(d"i(v)))

nyz _ Wleft'xf}"*'l.l

W Wipe = | A = s @by =7 @b
XY, Wi X+1,y,z

@Wgre =™ - s%fﬁﬁ F@b) =5 @by

wW.xy,z _ Wniaxyz+1
(3) Whnia = UX - sph (@b) = sty (a,b)
(4) Wyan = set of leaves with the same d™ and m;

at node u &

Wx,y,z _ Wfan.x,y,z
- ST[l..i] (a‘ b) - ST[l..i—l] (Cl, b)

Fig. 10 TIllustrating the process to compute S‘T)‘[/ l,x];]y,z(a’ b) from By ; (Procedure counting_query).

Suppose the current recursion level is i. Let P be the path from the root of BT (W;, T;) to the node
v, where dTi (v) = dTi (b) or v is a leaf of BT (W;, T;). Along P, nodes with values < dTi (b) and
> d7i (b) are marked by white and black filled circles, respectively, and a diamond symbol indicates that
dr, (v) = d"i (b). Any leaf wy, stored at some node in BT (W;_1, T;_1) pointed to from a white circle
satisfies dTi (wr) < dTi (b), which yields formula (1). Similarly, any leaf wg stored at some node pointed
to from a black circle satisfies dr, (wg) > dr; (b), giving formula (2). For the yellow node v pointing to

BT(nTi (dTi (v))), traverse from the root to node u, where 7; (1) = m; (b) or u is aleaf of BT(nTi (dTi (v))).
If 7j (u) = m;(b) then node u contains every leaf wr with dti (wp) = dTi (b) and wi(wg) = mi(b);
any other leaf wys in BT (xTi (d7i (v))) satisfies d”i (wpy) = d”i (b) and 7; (wps) # 7 (b). This gives
formulas (3) and (4). Procedure counting_query computes all contributions to ST“[/ 1’2‘]}"1 (a, b) from (1),
(2), (3), and (4) recursively, and sums them up

Lemma 4.4 Forany A C L, A is a strong cluster of Ruaj if and only if sg,,, (a, b) =
|L\A| + s (a,b) foralla,b € A witha # b.
maj

(a,b) = sp)* (a,b) +

SR (a b). Since A is a strong cluster, we have ab|c € R4 forall ¢ € L\A Hence,
L\A " (@,b) = [L\AJ, which yields sz,,,,(a, b) = |L\A| + 53, _(a,b).

maj(a b) = |L\A| +

S7A€mnj (a, b). Together with the fact that SRong (@ b) = sL\A (a,b) —i—sR (a b), we get

Proof (—) For any a,b € L with a # b, note that s

maj

(<—) For any a,b € L with a # b, it is given that s
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L\A ' (a,b) = |L\A|. This implies that ablg € Ry for all ¢ € L\A. By definition,
A 1s a strong cluster. O

Observe that sR (a b) = s?ﬂok? O(a b), using the notation from Sect. 4.1. For

any fixed a € L, the next lemma gives a data structure for computing SR (a b) in

O (logk*! n) time for any cluster A € A and b € A\{a}.

k+1

Lemma 4.5 For any a € L, we can construct a data structure in O (nlog"™" n) time

which enables us to compute S7A2 (a,b) = s?ﬂok? O(a, b) in O(logk+1 n) time for any
maj

cluster A € A that contains the element a and any b € A\{a}.

Proof As in Sect. 4.1, we create a data structure with two parts. The first part is a
balanced binary tree BT (L, .A) (see Sect. 4.1). For the second part, we build B 4(s)
(again, see Sect. 4.1) for all subtrees S in BT (L, A). This takes O (n log’”rl n) time
in total.

For any Apresjan cluster A that contains a and any b € A\{a}, use BT (L, A) to
partition A into p = O(logn) subsets {Ay, ..., A,} where each subset corresponds
to a subtree in BT (L, A). For each subset A ;, compute s%j (a b) in 0(logk n) time

with the data structure B Aj k- Since s%maj (a,b) = ‘; 1 SR (a b), SR (a b) can

be computed in O(p logk n) = O(logk*! n) time. O
Also, observe the following:

Lemma 4.6 If a node u in A satisfies s, (a,b) = |[L\A(A")| + sR(“‘l )(a b),

then, for every ancestor u’ of u, SRomaj (a,b) = |L\A(A“ )|+ sR(A >(a b) holds.

Proof Since sg,,,(a,b) = [L\ACAY)| + sp" (a, b), we have sV (@, ) =

maj
SRy (@5 ) — sﬁfrf] )(a, b) = |L\A(A")|. This means that ablw € Rmaj for all
w € L\A(A"). Now let v be the parent of u in A. Because L\ A(A") C L\A(A”),
we have SLWA '(a,b) = |L\A(AY)|. Moreover, sg,;(a, b) = sL\A( Va,b) +

A ’(a b), 0 5% (a,b) = |L\A(AY)| —i—sR(A )(a, b). O

maj

such that sg_.(a,b) = |L\A(A")| +

By Lemma 4.6, A contains a node umm maj

s{%fn“j )(a b) for any ancestor u of umm In fact, "‘mll; can be found in 0(logk+2 n)
time:

Lemma 4.7 Given the data structure in Lemma 4.5, u’ min for any b € L can be found
in 0(logk"'2 n) time.

Proof Let P be the path in A between [ ca”(a, b) and the root. Among the clusters
A(A") for all u € P, we aim to find the lowest node u such that sg_.(a,b) =

IL\A(AY)| +sR(A )(a, b).

maj
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Procedure Verify_strong_clusters
Input: A tree A of all Apresjan clusters of SR ma;
Output: A tree including all strong clusters of R4,

1: Set count(u) = 0 for all nodes u in A;

2: for a,b € L do

3:  Find umm by Lemma 4.7 and set count(u min) = count(ufrzgn) +1;
4: end for

5: Set sum(u) = 0 for all leaves u in A;

6: for every internal node u € Ain bottom up order do

7: Set sum(u) = count(u) + Y {sum(c) : c is a child of u in A};

8 if sum(u) < (|A<“24 ”) then

9: Contract node u; /* A(A™) is not a strong cluster */

10: end if

11: end for

12: return A;

Fig. 11 Procedure for checking which Apresjan clusters are strong clusters

For each node u € P, it takes 0(logk‘"1 n) time to check if s _.(a,b) =

maj

[L\A(AY)| +SA(A )(a, b). Checking all nodes in P would thus take O (| P| 1ogk+1 n)

time. We can speed up the process to O (log|P|log"™! n) = Ologh*? n) time by
performing a binary search instead. O

Finally, we describe the procedure Verify_ strong_clusters for checking
which clusters in A are strong clusters. See Fig. 11 for the pseudocode First, initialize
count(u) = 0 for every node u in A. Then, compute u,’ for all a, b € L using

Lemma 4.7, and increase each count(umm) by 1. Next, set sum(u) to be the total
sum of count(v) for all descendants v of u in .A. By Lemma 4.8 below, if sum(u) =

(IA(A”)I
2

then A(A") is a strong cluster; otherwise, it is not. In case A(A") is not

a strong cluster, contract u in 4 (that is, attach all children of u to the parent of u in A
and remove the node u). By Lemmas 4.5 and 4.7, the running time of the procedure
Verify_strong_clustersis O(n2 logk+2 n.

Lemma 4.8 For any node u in A, A(A") is a strong cluster if and only if sum(u) =
| A(A")]
> .

Proof According to Lemma 4.4, A(A") is a strong cluster of R, if and only if
SR (@5 ) = |L\A(.A”)| + SR('A )(a b) for all a, b € A(A"). This is equivalent to

saying that u 1s a descendant of u for all @, b € A(A"), which in turn is equivalent

u
to the condition sum(u) = ('A(? )l ) O
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