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Abstract. The fastest known algorithms for computing the R* consen-
sus tree of k rooted phylogenetic trees with n leaves each and identical
leaf label sets run in O(n?y/Togn) time when k = 2 (ref. [10]) and O(kn?)
time when k > 3 (ref. [4]). This paper shows how to compute it in O(n?)
time for k = 2, O(n?log*®n) time for k = 3, and O(n?log"*?n) time
for unbounded k.

1 Introduction

Distinctly leaf-labeled, unordered trees known as phylogenetic trees are used by
scientists to describe evolutionary history [8,13]. Given a set S of phylogenetic
trees with the same leaf labels but different branching structures, a single phy-
logenetic tree that summarizes the trees in S according to some well-defined
rule is called a consensus tree [4,8,13]. Consensus trees are used when dealing
with unreliable data; e.g., to infer an accurate phylogenetic tree for a fixed set
of species, one may first construct a collection of alternative trees by applying
resampling techniques such as bootstrapping to the same data set, by running
different tree construction algorithms, or by using many independent data sets,
and then compute a consensus tree from the obtained trees.

A number of different consensus trees have been defined and studied in the
literature; see [4], Chapter 30 in [8], or Chapter 8.4 in [13] for some surveys. This
paper deals with one particular consensus tree called the R* consensus tree [4],
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T: T,: R*:

a b

Fig.1l. An example. Let S = {T1,7>,T3} as above. Then R..q; = {ab|d, able, ac|d,
acle, dela, be|d, bele, de|b, de|c} and the R* consensus tree of S is the tree on the right.

defined in Section 1.1 below. The R* consensus tree has several nice mathe-
matical properties [7]. On the negative side, the existing algorithms for building
it [4,10,11] are rather slow. To alleviate this issue, we present faster algorithms.

1.1 Definitions and Notation

In this paper, a phylogenetic tree is a rooted, unordered, leaf-labeled tree in
which every internal node has at least two children and all leaves have different
labels. See Fig. 1 for some examples. (Unrooted phylogenetic trees are also useful
in many contexts [8], but will not be considered here.) Phylogenetic trees are
called “trees” from here on, and every leaf in a tree is identified with its label.

Let T be a tree. The set of all nodes in 7" and the set of all leaves in T" are
denoted by V(T') and A(T), respectively. For any u € V(T'), T" is the subtree
of T rooted at u. For any X C V(T), lca” (X) is the lowest common ancestor
in T of the nodes in X; when |X| = 2, we simplify the notation to lca” (u,v),
where X = {u, v}, and if T is unambiguous, we sometimes just write lca(u,v).

A triplet is a tree with exactly three leaves. Suppose t is a triplet with A(t) =
{z,y,z}. If t is non-binary, it has one internal node; in this case, t is called a
fan triplet and is denoted by x|y|z. Otherwise, ¢ is binary and has two internal
nodes; in this case, t is called a resolved triplet and is denoted by zy|z where
lca®(2,7) is a proper descendant of lca’(x,2) = lca’(y,z). Thus, there are four
possible triplets z|y|z, zylz, zz|ly, yz|z for any set of three leaves {z,y,z}.
For any tree T and {z,y,2} C A(T), z|y|z is said to be consistent with T if
lea™ (z,y) = lea™ (z,2) = lea™ (y, 2), and zy|z is consistent with T if lea” (z,v)
is a proper descendant of lca” (x,z2) = lea” (y, z). Let T||{z,y,-} be the unique
triplet with leaf set {x,y, 2z} that is consistent with T. For any tree T, let r(T)
be the set of resolved triplets consistent with T and let ¢(T") be the set of all
triplets (resolved triplets as well as fan triplets) consistent with T, i.e., define
r(T) = {T|l{zy.2) : {7, y,2} € A(T) and T||(4,y,.} is a resolved triplet} and
t(T) = {T”{:c,y,z} : {x,y,z} < A(T)}

Next, let S = {T4,...,T;} be a given set of trees with A(T}) = ... =
A(Ty) = L. Write n = |L|. For any {a,b,c} C L, define #ab|c as the number of
trees T; € S for which ab|c € t(T;). The set of majority resolved triplets, denoted
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by Rpmaj, is defined as {ab|c : a,b,c € L and #ablc > max{#ac|b, #bc|a}}.
(Note that the fan triplets consistent with the trees in S have no impact here.)
An R* consensus tree of S is a tree 7 with A(7) = L that satisfies 7(7) C Rnq
and that maximizes the number of internal nodes. See Fig. 1 for an example.

For any leaf label set L, a cluster of L is any nonempty subset of L, and
a tree T is said to include a cluster A of L if T contains a node u such that
A(T") = A. Let R be a set of triplets over a leaf label set L = J, o A(r) such
that for each {z,y,2z} C L, at most one of z|y|z, xy|z, 2|y, and yz|x belongs
to R. A cluster A of L is called a strong cluster of R if ad’|z € R for all a,a’ € A
with a # @’ and all z € L\ A. Furthermore, L as well as every singleton set of L
is also defined to be a strong cluster of R. Strong clusters provide an alternative
characterization of R* consensus trees, stated in the last part of the next lemma:

Lemma 1. [4,10] The R* consensus tree always exists, is unique, and includes
every strong cluster of Rma; and no other clusters.

1.2 Previous Work

The R* consensus tree can be computed in O(kn?) time, where k = |S| and
n = |L|, by an algorithm from [4]: First construct r(T;) for all T; € S in O(kn?)
time, then construct R,q; by counting the occurrences in the r(T;)-sets of the
different resolved triplets for every {z,y, 2} € L in O(kn?) total time, and finally
apply the O(n?)-time strong cluster algorithm from Corollary 2.2 in [5] t0 Rnq;-
For k = 2, an older algorithm for computing the so-called RV-III tree of two input
trees in O(n3) time [11] can also be used [4] to achieve the same running time.

Since Rpqj may contain 2(n?) elements, any method that explicitly con-
structs Ruq; requires 2(n?) time. For the special case of k = 2, it was shown
in [10] that the R* consensus tree can in fact be computed in O(n?y/logn)
(= o(n?)) time. The algorithm from [10] is reviewed in Section 1.3.

1.3 Overview and Organization of the Paper

To compute the R* consensus tree without constructing R..q;, the algorithm
in [10] for £k = 2 and the new algorithms in this paper follow the same basic
strategy, summarized as Algorithm R*_consensus_tree in Fig. 2. To explain
the details, some additional definitions are needed.

Suppose that R is a given set of triplets over a leaf label set L = J, o A(r)
such that for each {z,y,z} C L, at most one of z|y|z, xy|z, zz|y, and yz|x
belongs to R. For each a,b € L with a # b, define sg(a,b) = |[{y € L : ably €
R}|, and for each a € L, define sg(a,a) = ‘L} — 1. A cluster A of L is called
an Apresjan cluster of sg if sg(a,a’) > sg(a,x) for all a,a’ € Aand z € L\ A.
Since every strong cluster of R is an Apresjan cluster of sg [4,10], we see that
in the case R = Rynaj, the set of Apresjan clusters of sg,,,. forms a superset of
the set of strong clusters of R,,q;. Moreover, by Theorem 2.3 in [5], there are
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Algorithm R*_consensus_tree
Input: A set S = {T1,...,Tx} of trees with A(T1) = ... = A(Tx) =L
Output: The R* consensus tree of S

1: Compute and store sz,,,;(a,b) for all a,b € L
Compute the Apresjan clusters of sz,,,;
for each Apresjan cluster A of sz,,,;, do

Determine if A is a strong cluster of Ra;

end for
Let C be the set of strong clusters of Rmq;, and build a tree T" which includes
all clusters in C' and no other clusters of L
7: Output T

Fig. 2. Algorithm R*_consensus_tree

O(n) Apresjan clusters of s, .. and they form a nested hierarchy on L, i.e., a
tree, which can be constructed in O(n?) time with the method of Corollary 2.1

in [5] when the value of sz, (a,b) for any a,b € L is available in O(1) time.

Now, the idea behind Algorithm R*_consensus_tree is to first compute a
superset of the set of strong clusters of R;.q;, namely the Apresjan clusters
of s%,,,, (Steps 1 and 2), then remove any clusters that are not strong clusters
of Rumaj (Steps 3-5), and return a tree that includes precisely the remaining
clusters (Steps 6-7). By Lemma 1, this tree is the R* consensus tree.

The algorithm’s time complexity depends on various factors. As shown in [10],
if £ = 2 then computing the values of sz,,,;(a,b) for all a,b € L in Step 1 can
be done in O(n?y/logn) time in total, while all other steps take O(n?) time.
Section 2 below improves it to O(n?), yielding an O(n?)-time solution for k = 2.

For k > 3, we observe that Steps 2, 6, and 7 do not depend on k, so these
steps take a total of O(n?) time as in [10]. However, Steps 1 and 3-5 have
to be modified; for example, the condition from Lemma 13 in [10] for check-
ing if a given cluster is a strong cluster of R,,q; does not work if k& = 3. As
for Step 1, Sections 3.1-3.3 show how to compute sg,,,.(a,b) for all a,b € L
in O(n2log*?n) time when k = 3, and Section 4.1 in O(n?log"n) time for
unbounded k. For Steps 3-5, Section 3.4 gives an O(n?a(n))-time solution when
k = 3, where a(n) is the inverse Ackermann function of n, while Section 4.2
gives an O(n? logk+2 n)-time solution for unbounded k. In summary, we obtain:

Theorem 1. Let S be an input set of k trees with n leaves each and identical
leaf label sets. The R* consensus tree of S can be computed in:

e O(n?) time when k = 2;

e O(n%log*?n) time when k = 3; and

e O(n2log"*2n) time when k is unbounded.
Thus, if k < % for some € > 0, the time complexity is subcubic in n.

Due to space constraints, most of the proofs have been omitted from the
conference proceedings version of this paper.



418 J. Jansson et al.

2 Computing the R* Consensus Tree When k = 2

This section proves that sg,,,; (a,b) for all a,b € L with a # b can be computed in
O(n?) time in total when k = 2, thereby reducing the time complexity of Step 1 of
Algorithm R*_consensus_tree in Section 1.3 (and hence the algorithm’s overall
running time) to O(n?).

Recall that s, (a,b) = [{w : ablw € Ryna;}| for any a,b € L with a # b,
and sg,,,;(a,a) =[L| — 1 for any a € L. By definition, ablw € Ryq; if and only
if it is consistent with both T} and 75, or it is consistent with one of T} and T3
and a|blw is consistent with the other tree. By Corollary 1 in [10], sr,,,,(a,b) =
count,. . (a,b)+ count, ¢(a,b)+county (a,b) for every a,b € L with a # b, where
count, r(a,b) = ’{w € L\ {a,b} : ablw € t(Ty) N t(T)}|, count, s(a,b) =
{w € L\ {a,b} : ablw € t(T1), alblw € t(T3)}|, and county,(a,b) = |{w €
L\{a,b} : alblw € t(T}), ablw € t(T»)}|. It was shown in [10] that count,,(a,b),
count,, (a,b), and count s ,(a,b) for all a, b € L can be calculated in O(n?y/logn),
O(n?), and O(n?) total time, respectively. We now eliminate the bottleneck.

Lemma 2. For everya,b € L, it holds that count, ,(a,b) = \L|—\A(T1lca(a’b))|—
AT+ AT D) 0 AT,

Lemma 3. count, ,(a,b) for alla,b € L can be computed in O(n?) time in total.

Proof. For i € {1,2}, compute and store all values of |A(T}")|, where u € V(T}),
in O(n) time by doing a bottom-up traversal of each tree. Also, compute and
store all values of |A(T#)NA(TY)|, where u € V(T1) and v € V(T3), in O(n?) time
by the postorder traversal-based method used in Lemma 7.1 in [1]. Preprocess
Ty and T3 in O(n) time so that any subsequent Ilca-query can be answered in
O(1) time [2,9]. Next, for each a,b € L, obtain count, ,(a,b) in O(1) time by
applying the formula in Lemma 2. The total running time is O(n?). a

3 Computing the R* Consensus Tree When k = 3

We now focus on the case k = 3. Sections 3.1-3.3 and Section 3.4 describe how to
implement Step 1 and Steps 3-5, respectively, of Algorithm R*_consensus_tree.

3.1 Computing s When k£ =3

maj
Suppose & = {T1,T5,T5}. For every ablw € R, , there are three possibilities:
Lemma 4. For any a,b,w € L, ablw € Rpq; if and only if either

1. ablw is consistent with Ty, Ta, and T3; or
2. ablw is consistent with T; and T; but not T, for {i,j,k} = {1,2,3}; or
3. ablw is consistent with one of Ty, To, T3, and a|blw with the other two.
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To count the triplets covered by the different cases in Lemma 4, define:

county rr(a,b) = ’{w € L\ {a,b} : ablw € t(T1) Nt(T2) N t(T3)}’
countzir’:j (a,b)= {w € L\ {a,b} : ablw € t(T3) N t(Ty)}|,i,5 € {1,2,3},i < j

countrT""f’f(a, b) = ’{w € L\ {a,b} : ablw € ¢(T;) and a|b|w is consistent with
the other two trees}|, for i € {1,2,3}

Then, s a,b) can be expressed as in the next lemma.

mas

Lemma 5. Let a,b € L with a # b. Then sgr,,,;(a,b) = ¥ count?jff,f(a7 b) +

T, T;
> i<icj<scount, iy (a,b) — 2countr,r,r(a,b).

For each pair i,j € {1,2,3} with i < j, the values of count,, s (a,b) for all
a,b € L can be obtained in O(n?) time by the method from Lemma 3 in Section 2
with T; and T as the two input trees. The next subsections show how to calculate
the values of count,,,(a,b) for all a,b € L in O(n?log*®n) time (Lemma 9 in
Section 3.2) and count:ifyf(a,b) for all a,b € L for each i € {1,2,3} in O(n?) time
(Lemma 12 in Section 3.3). Then, we can apply the formula in Lemma 5 to get each
value of s, .. (a,b) in O(1) time. In summary:

maj

Lemma 6. When k = 3, the values of s
O(n?log*®n) time in total.

maj (@, b) for all a,b € L can be computed in

3.2 Computing count, .,

First, rewrite count, »r(a,b) in a way analogous to the expression in Lemma 2:

Lemma 7. For everya,b € L, count,,,(a,b) = |L|—3°_, |A(Tilca<a’b))\+zlgi<j§3 |

leca(a,b leca(a,b lca(a,b lea(a,b lea(a,b
AT ) AT )| = (AT ) 0 AT ) 0 AT ).

Lemma 8. Leta € L be fized. Then the values of | A(T{" P ) A(TE* Py A(TE D))
forallb € L\ {a} can be computed in O(nlog*® n) time in total.

Proof. For w € L\ {a} and i € {1,2,3}, let d%i(w) be the distance in T; from a
to lca(a, w). For any byw € L\ {a} and i € {1,2,3}, w € A(T*"**") if and only if
dTi(w) < dTi(b). Thus, for b € L\ {a}, ATy 0 ATED) q AT D) =
{we L\ {a,b} : d™(w) < dTs(b), d™(w) < d™2(b), d(w) < d™(B)}].

Represent each w € L\{a} as a 3D point with coordinates (d”* (w), d™2 (w), d*3 (w)).
For any b € L\ {a}, |A(T{“ ") A(TL D)0 A(T")| equals the number of points
on or inside the box [1 : d™*(b)] x [1: d"2(b)] x [1 : d"3(b)]. Use Corollary 4.1 in [6] for
offline orthogonal range counting in 3D to obtain these numbers for all b € L\ {a} in
O(nlog®=2*1/3 n) = O(nlog?® n) total time. O

Lemma 9. Thevalues ofcount, . (a,b) foralla,b € L can be computed in O (n? log®/? n)
total time.
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3.3 Computing countZ}'f, P

This subsection describes how to compute all values of count?ﬁ sla,b) = Hw e L\
{a,b} : ablw € t(T1), alblw € t(T%), and a|blw € t(T5)}|, where a,b € L. (The two
functions countf;‘}v’ s and countTTff, ¢ can be computed in the same way.)

Suppose that a € L is fixed. Let vo = a, v1, ..., vp be the path in 73 from
leaf a to the root of T5. For j € {1,...,p}, define W; = A(T,?) \ A(T3’™"). ITmpor-
tantly, {Wi,..., Wy} forms a partition of L\ {a}. For any S C L and b € S, define
oTv T2 (8 ) = |[{w € S : ablw € t(T}) and a|bjlw € t(12)}|. Lemma 10 explains how to
use o1 772 (S b) to compute countzlfﬂf(a, b).

Lemma 10. For any Wj, j € {1,...,p}, and any b € W, let ¢, be the child of v;
such that b € A(T5®). Then countzlfyf(a, b) = aT T2 (W, b) — o TV T2 (A(TSY), b).

Lemma 11. After O(n) time preprocessing, given any S C L, o™ "72(S,b) for all
b e S can be computed in O(]S|) time.

This suggests the following algorithm, which we call Compute_count_rff _T1, for
computing countTTff,f(a,b) for all b € L\ {a} for any fixed a € L. First, it builds
the partition {Wi,..., W} of L\ {a}. This takes O(n) time. Then, 71 and T3 are
preprocessed in O(n) time so Lemma 11 can be applied. For each j € {1,...,p},
the algorithm then computes o’ ~72(W;,b) and o™~ T2(A(T5?),b) for all b € W;.
By Lemma 11, this step takes O(3_7_, [Wj|) = O(n) time. (For every b € Wj, to
identify the child ¢, of v; such that b € A(T3?) in O(1) time, one can store the depths
of all nodes in T3 and use the level-ancestor data structure after O(n) time extra
preprocessing [3].) Finally, Lemma 10 is used to obtain count?f, #(a,b) for every b € W;
and j € {1,...,p} in O(n) time. In total, the time complexity of Compute_count_rff T1
is O(n). By running Compute_count_rff_T1 once for each a € L, we get coumfzwylf’f(a7 b)
for all a,b € L in O(n?) total time.

Lemma 12. For each i € {1,2,3}, the values of countTTff’f(a, b) for all a,b € L can be

computed in O(n?) total time.

3.4 Determining if a Given Cluster Is a Strong Cluster When k = 3

Steps 3-5 of R*_consensus_tree in Section 1.3 need to determine which Apresjan
clusters of SRoma; are strong clusters of Rpma;. This subsection presents a method for
doing so efficiently. Let A C L. For any j € {1,2,3}, aleaf z € L\ A is called an outsider
in T if x is not a descendant of ui, in T}, where ui‘ = lca™ (A). Define the following
two disjoint subsets of L \ A: (i) Pa = the set of all 2 € L\ A such that lca™ (a,x) is
a proper descendant of v/, for some a € A and some j € {1,2,3}; and (ii) Q4 = the
set of all 2 € L\ A such that lca™ (a,x) = u/, for all a € A and all j € {1,2,3}. (If
|A] = 1 then P4 = Qa = 0.) Also define an undirected graph Ga = (4, E4), whose
edge set is Ea = {{a,a’} : lca’(a,a’) is a proper descendant of v/, for at least one
j €{1,2,3}}. Then we have:

Lemma 13. For any A C L, A is a strong cluster of Rma; if and only if: (1) each
x € Pa is an outsider in exactly two trees from {T1, T2, T3}; and (2) if Qa is nonempty,
the graph G a is a complete graph.
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Procedure Check_all_Apresjan_clusters
Input: A tree A of all Apresjan clusters of sz,,,;
Output: A list of all the strong clusters of Rna;
1: for all nodes v in A in bottom-up order do
2:  Let A be the Apresjan cluster of sz,,,; corresponding to v;
3: if v is a leaf then
4: /* Without loss of generality, assume A = {a} */
5: Set ul = u% = u3 to be the leaf with label a and let G4 be a graph with
a single vertex a. Let By = B3 = B = {A};
6: else
7 Let A1,..., Ay, be the Apresjan clusters corresponding to the children of v
and form G4 by merging Ga,,...,Ga,,;
8: for j =1,2,3 do
9: Update v, = lca™s (uil, . ,ui‘m). Partition A into a set of blocks 57,
such that each block B € Bf'4 contains all the elements of A that appear
in the same subtree attached to u’;
10: Compute Zp = UZ1(B%1|B) for every block B € B;
11: for every block B € Bi‘ do
12: Insert all edges {x,y} into G4 where z € X, y € Y and where X and
Y are two different sets in Zp;
13: end for
14: end for
15:  end if
16:  If A satisfies the condition in Lemma 13 then output A;
17: end for

Fig. 3. Procedure for finding all strong clusters of Rna;

Procedure Check_all Apresjan_clusters in Fig. 3 applies the condition in
Lemma 13 to find all strong clusters of Rq;. To avoid building each Ga-graph from
scratch, it assumes that the Apresjan clusters are specified in the form of a tree A,
so that the information in the G a-graphs can be reused as it goes upwards in A. (As
mentioned in Section 1.3, A can be obtained in O(n?) time [5].) The procedure builds
the G a-graphs for all Apresjan clusters A bottom-up, according to the given tree A.
Each G4 is represented as a set of edges. To simplify the construction, for j = {1, 2,3},
the procedure maintains ui‘ = lca”i (A). It also maintains Bfl‘, which is the partition
of A such that each block B € BZ, contains all elements in A that appear in one subtree
attached to the node u?,.

For any set X of subsets of L and any L' C L, let X|L' ={X e X : X C L'}.

Lemma 14. Procedure Check_all_Apresjan_clusters outputs all strong clusters
of Rimaj in O(n*a(n)) time, where a(n) is the inverse Ackermann function.

4 Computing the R* Consensus Tree for Unbounded k

a,b) for all a,b € L in O(n?log" n) time. Section 4.2 checks
k+2 n)

Section 4.1 computes sr,,,,, (

which Apresjan clusters are strong clusters in O(n2 log time.
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4.1 Computing s .. for Unbounded k

maj

Here, we give a procedure that, for any fixed a € L, computes sr
be L\ {a} in O(nlog®n) time.

Let occ(ablw, T};..;7) be the number of occurrences of ablw in t(T%), . . ., t(T}). Denote
sjvlley *(a,b) = [{w € W : occ(ablw, T}1...)) + = > max{occ(aw|b, Ti1...7) + y, occ(bwla,
maj (a,b) = SIL"UO(;CO(G b)
for all b € L\ {a}. Note that in the formula for SV‘[/I ?; *(a,b), W is not any arbitrary
subset of L; we require, for all w € W, that z, y and z are the number of occurrences
of ablw, aw|b and bw|a, respectively, in T;41,...,Tk. These three integers will be used
to pass information during recursive calls.

IneachtreeT; € {T1,..., Tk}, anyw € L\{a}is represented by apair (d7 (w), 7 (w)),
where d7i (w) is the dlstance inT; fromatolca™ (a,w),and m;(w) = j, where wis a descen-
dant of the jth child of Ica™ (a, w). The occurrence of a triplet in ¢(T;) is then given by
(cf. Theorem 1 in [12] and Lemma 7 in [10]):

a,b) for all

maj(

Th.q) + z}}| For a fixed a € L, our goal is to compute sr

Lemma 15. Let b€ L\ {a}. For any w € L\ {a,b} andi € {1,...,k}:

1. ablw € t(T3) if and only if d7¢ (b) < d™ (w);
2. awl|b € t(T}) if and only if d7*(b) > d”i(w); and
3. bwl|a € (T;) if and only if d¥i (b) = d™i (w) and m;(b) = m;(w).

We build a data structure Bw, in O(|W|log® [W|) time that yields the value
qu[if_’li’]’z(a, b) for any b € W \ {a} and any z,y, z in O(log® |W|) time as follows.
For the base case k = 1, the data structure Bw,1 consists of a balanced binary
search tree BT(W,Ty) for all distinct d*!(w)-values, where w € W. There may be
multiple elements of W with the same d”* (w)-value. For each such node, we replace
it by a balanced binary search tree for these multiple elements and index them using
the keys 71 (w). The additional nodes are called yellow nodes. The data structure Bw,1
can be constructed in O(|W]) time.

Now we show how to compute SVTIIy] *(a,b) from Bw,i. For any b € W, let P be

the path from the root of BT (W, T1) to b. Since BT (W, T1) is balanced, P is of length
O(log |W|). We partition the subtrees attached to P into four sets:

of s

® Wian is the set of subtrees attached to the yellow nodes of P where 71(b) # 71 (w)
for all leaves w in the subtrees of Wyqp.

® Wiia is the set of subtrees attached to the yellow nodes of P where 71 (b) = m1(w)
for all leaves w in the subtrees of Wii4.

® Wies: is the set of left subtrees attached to the non-yellow nodes of P.

® Wiignt is the set of right subtrees attached to the non-yellow nodes of P.

Note that albjlw € t(T1) for all w € A(S) and S € Wyay. Similarly, bw|a € t(11) for
all w € A(S) and S € Winia. Also, aw|b € ¢(T1) for all w € A(S) and S € Wiey¢, and
ablw € t(T1) for all w € A(S) and S € Wyighe.

By the definitions and Lemma 15, sjvylzly] (a,b) = A+ B+ C + D where:

A=3sew,,, [AS)]if 2>y, 2> 2 and 0 otherwise.

B = ZSeW |A(S)| if # >y, £ > 1+ 2; and 0 otherwise.
C=Yscm, i “JA(S) if © > 1+, & > 2 and 0 otherwise.

* D=3 sew |[A(S)| if z+ 1>y, z+ 1> 2z; and 0 otherwise.

right
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Procedure counting_query

Input: Integer ¢ € {0,1,...,k}, W C L, integers z, y, 2z, leaf b € L\ {a}.

Output: SWZ 3; *(a,b)

:1f2—0then

2:  if £ >y and = > z then
3: return |WJ;

4:  else

5: return 0;

6: end if

7: else

8:

Let P be the path from the root of BT(W,T;) to b;

9:  Compute the sets Wran, Winida, Wright, Wieg of subtrees attached to P;
10: A= ZSvean counting query(i — 1, A(S), z,y, 2, b);

11: B =3} gcw,,, counting query(i — 1, A(S), z,y, 2 + 1,b);

12:. C= ZSewleftcounting,query(i —1,A(S),z,y + 1,2,b);

13: D= ZSEWMQMcounting,query(i —1,A(8),z+1,y,2,b);

14: return A+ B+ C + D;

15: end if

Fig. 4. Procedure for computing Sng *(a,b), assuming Byw,; is available

There are O(log |W|) subtrees, so we can find sv‘[/zly (a,b) in O(log |W]) time.

Next, assume we can create a data structure Byw,r—1 from which sT[;"i”zl] (a,b)

can be computed in O(log®~! |W|) time. Then we build the data structure By,
consisting of two parts, as follows. Firstly, similar to the case k = 1, we build a
binary search tree BT(W,T}). Secondly, for every subtree S in BT(W,T}), we build
the data structure B(s),x—1. The time required to build Bw,x depends on the time
needed for the two parts. For the first part, as shown above, BT (W, T}) can be con-
structed in O(|W/|log|W|) time. For the second part, > {|A(S)| : S is a subtree
of BT(W,Tx)} = O(|W|log|W|). Since By(s),x—1 can be constructed in O(]A(S)]
log"~1|A(S)]) time, the second part takes O(|W|log® |W|) time.

We now discuss how to use Bw,; to compute sTVY[Iy (a,b). For any b € W, similar

to the case k = 1, first find the path P from the root of BT (W, T}) to b. There are
O(log |W|) subtrees attached to P. Partition them into the sets Wran, Winid, Wiert,
and Wiigne according to the same criteria as for kK = 1 above. Then:
Lemma 16. For any b € W, it holds that swmg]z(a b) = A+ B+ C + D, where
A(S),z,y, A(S),z,y,z+1 _
= ZSEW,‘,”, ST[l..k—;u] (a,b), B = Zsew ia ST e f’] (a,b), C = Zsewlgft

SA(S) YL (), and D = Dosew s STV E (g Y,

T(1. . k—1) right 1[1..k—1]

Fig. 4 lists the pseudocode of the procedure counting query for computing
sjvf[/ 12;:’ (a,b), given By,. The next lemma bounds its running time.
Lemma 17. Given the data structure Bw, for a fized a € L, for any b € L\ {a},
counting query(k, W, z,y, z,b) computes squ[zy] (a,b) in O(log® n) time.
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4.2 Determining if a Given Cluster Is a Strong Cluster for
Unbounded k

Let A be the tree of all Apresjan clusters. For any A C L and a,b € A with a # b,
define s%maj (a,0) = |[{w € A : ablw € Ruma;}|- The following lemma allows us to
verify if A is a strong cluster.

Lemma 18. Let A C L. A is a strong cluster of Rma; if and only if sr
|L\ A| + s5 a,b) for all a,b € A with a # b.

a,b) =

m,aj(

mas (

Observe that s%maj (a,b) = s?[loio(a b), using the notation from Section 4.1. For

any fixed a € L, the next lemma gives a data structure for computing s%mai (a,b) in
O(log"™' n) time for any cluster A € A and b€ A\ {a}.

Lemma 19. For any a € L, we can construct a data structure in O(nlog"™ n) time
which enables us to compute s%mw (a,b) = s?[lo 2]O(a b) in O(log" ™1 n) time for any
cluster A € A that contains the element a and any b € A\ {a}.

Lemma 20. If a node u in A satisfies sr,,,,(a,b) = |L\A(A“)| + s;‘é’fa )(a,b), then,

for every ancestor v’ of u, sr =L\ A(A“ )|+ sA(A )(a b) holds.

mag (@

=L\ A(AY)] + 557 ) (a,b)
k+2

Thus, A contains a node u®® such that sz

min maj (

for any ancestor u of u®? . In fact, u®? can be found in O(log n) time:

Lemma 21. Given the data structure in Lemma 19, u®2 for any b € L can be found
in O(log**2 n) time.

Finally, we describe the procedure Verify_strong_clusters for checking which clus-
ters in A are strong clusters. See Fig. 5 for the pseudocode. First, initialize count(u) = 0
for every node u in .A. Then, compute u%’ for all a,b € L using Lemma 21, and increase

Procedure Verify_strong_clusters

Input: A tree A of all Apresjan clusters of sz,,,;
Output: A tree including all strong clusters of Rq;
Set count(u) = 0 for all nodes u in A;
for a,b € L do
Find u%’ by Lemma 21 and set count(u®" ) = count(u®’ )+ 1;
end for
Set sum(u) = 0 for all leaves u in A;
for every internal node u € Ain bottom-up order do
Set sum(u) = count(u) + >_{sum(c) : ¢ is a child of u in A};
if sum(u) < (lA(“; )l) then
Contract node u; /* A(A") is not a strong cluster */
end if
: end for
: return A;

== =
N = O ©

Fig. 5. Procedure for checking which Apresjan clusters are strong clusters
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® ) by 1. Next, set sum(u) to be the total sum of count(v) for all descen-

dants v of v in A. By Lemma 22 below, if sum(u) = (‘A(’;‘“)‘) then A(A") is a strong
cluster; otherwise, it is not. In case A(A") is not a strong cluster, contract u in A (that
is, attach all children of u to the parent of v in A and remove the node u). By Lemmas 19
and 21, the running time of Verify_strong_clusters is O(n?logh*?2 n).

each count(u2

Lemma 22. For any node u in A, A(A") is a strong cluster if and only if sum(u) =
(\A(A“)\)
ARUR
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