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Abstract
A multi-labelled tree (or MUL-tree) is a rooted tree leaf-labelled by a set of labels,
where each label may appear more than once in the tree. We consider the MUL-
tree Set Pruning for Consistency problem (MULSETPC), which takes as input a set
of MUL-trees and asks whether there exists a perfect pruning of each MUL-tree that
results in a consistent set of single-labelled trees. MULSETPC was proven to be NP-
complete by Gascon et al. when the MUL-trees are binary, each leaf label is used
at most three times, and the number of MUL-trees is unbounded. To determine the
computational complexity of the problem when the number of MUL-trees is constant
was left as an open problem. Here, we resolve this question by proving amuch stronger
result, namely that MULSETPC is NP-complete even when there are only two MUL-
trees, every leaf label is used at most twice, and either every MUL-tree is binary
or every MUL-tree has constant height. Furthermore, we introduce an extension of
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MULSETPC that we call MULSETPComp, which replaces the notion of consistency
with compatibility. We prove thatMULSETPComp is NP-complete even in two highly
restricted cases – when there are only two MUL-trees, every MUL-tree has constant
height and either every leaf label is used at most thrice or the instance contains a
single-labelled tree containing all leaf labels. Finally, we present a polynomial-time
algorithm for a special case ofMULSETPCwith a constant number of binaryMUL-trees
where every leaf label appears exactly once in at least one MUL-tree.

1 Introduction

In evolutionary biology, leaf-labelled (phylogenetic) trees are commonly employed
to describe the evolution of species using leaf labels to represent different species
[11]. Comparisons of these structures are used particularly in phylogenetic inferences
– similarities may indicate evolutionary patterns, whereas differences may highlight
genetic mutations. The measure of similarity between phylogenetic trees has been
defined by multiple alternate metrics, such as the Robinson-Foulds distance [24], sub-
tree pruning and regraft (SPR) distances [5, 30], and maximum agreement subtrees [2,
7, 12]. Other problems related to phylogenetic trees include constructing supertrees [1,
3, 4, 29] or consensus trees [6, 11, 16] which can determine relations or interactions
between smaller phylogenetic trees.

Phylogenetic trees are classically described as single-labelled trees, where no label
appears on the leaves of the tree more than once. Typically, construction or com-
parison algorithms of such phylogenetic trees make use of this property to reduce
computational costs.Multi-labelled trees (orMUL-trees) are a generalisation of single-
labelled trees in which multiple leaves may be labelled by the same label. MUL-trees
can be useful to depict genome duplication, lineage sorting, or lateral gene trans-
fer [19]. Other applications include the construction of phylogenetic networks by
folding operations [19] [14, 15], biogeography [13][17,23], the study of host-parasite
cospeciation [21], and gene evolution studies [19, 22, 25].

MUL-trees have been far less investigated than their single-labelled counterparts
and many computational problems become NP-hard when extended to MUL-trees.
For example, the majority rule consensus tree for a set of k single-labelled trees with
n leaf labels each can be computed in O(nk) time [16], but is NP-hard to compute for
MUL-trees [8]. Another example is the problem of determining if a given a set R of
so-called rooted triplets (single-labelled binary phylogenetic trees with exactly three
leaves each) is consistent. Informally, a set of phylogenetic trees is consistent if it can
be combined into a single-labelled phylogenetic tree that contains all of its members
as embedded subtrees; see Sect. 2 below for the formal definition of “consistent”. This
problem can be solved in polynomial time by Aho et al.’s BUILD algorithm [1], which
also outputs a tree that contains all ofR when such a tree exists. In contrast, relaxing
the requirement onR having to be able to be combined into a single-labelled tree and
instead asking if R can be combined into a MUL-tree where one of the leaf labels
appears twice and all the other leaf labels appear just once already makes the problem
NP-hard [17].
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A few polynomial-time algorithms do exist for MUL-trees – Cui et al.[8] presented
a O(n2k + nk2)-time algorithm for building a majority rule consensus MUL-tree
in which each leaf label appears at most twice, based on a reduction to the Perfect
Phylogeny Haplotyping problem [10]. Furthermore, the maximum agreement subtree
(MAST) distance between twoMUL-trees can be computed in quadratic time, though
it also becomes NP-complete when generalised to more than twoMUL-trees [13, 18].
Other approaches convert MUL-trees into single-labelled trees which can be input to
existing algorithms [25, 28].

This paper further investigates the computational complexity of MUL-tree-
related problems by considering the MUL-tree Set Pruning for Consistency problem
(MULSETPC), which takes as input a set of MUL-trees, and outputs whether or not
there exists a pruning of the MUL-trees which gives a consistent set of single-labelled
trees. Gascon et al. showed that, in general, MULSETPC is NP-complete via a poly-
nomial reduction from 3-SAT [14,16]. However, their reduction from an instance of
3-SAT with m variables and z clauses gives an instance of MULSETPC containing
m + z + 1 MUL-trees; moreover these MUL-trees may have labels occurring three
times. Here we prove that MULSETPC is still NP-complete, even when restricted to
instances involving only two MUL-trees, or in which every leaf label appears at most
twice within a MUL-tree. This totally resolves the open question of Gascon et al.
[14,16] regarding the parameterised complexity ofMULSETPC when the parameter is
the number of input trees. Also, we identify tractable fragments of MULSETPC which
can be solved in polynomial time, in short, instances in which each label appears
exactly once in at least one MUL-tree.

We also present a generalisation ofMULSETPC calledMULSETPComp, which asks
for a compatible set of trees instead of a consistent set of trees. Tree compatibility is
a generalisation of tree consistency where we allow the supertree displaying the set
to instead display a refinement of each tree rather than the tree itself – again, a more
rigorous definition is given later. Tree compatibility is relevant when determining the
existence of a supertree for a given set of phylogenetic trees [1, 26]. This is because
experimental data often contains uncertainty, which can be expressed by non-binary
nodes in the tree; this necessitates the use of compatibility. Compatibility is also
relevant to other questions such as the incomplete directed perfect phylogeny problem
[29]. Our interest in tree compatibility was partiallymotivated by recent improvements
in compatibility testing; in particular, by the efficient BUILDST algorithmofDeng and
Fernández-Baca [9] which can determine if a set of single-labelled trees is compatible,
and if so, construct a corresponding supertree, in polynomial time. Here, we prove
thatMULSETPComp is NP-complete, even when restricted to instances involving only
two MUL-trees, or in which every leaf label appears at most thrice within a MUL-
tree. We also prove that MULSETPComp is NP-complete, even when restricted to
instances containing only two MUL-trees where one MUL-tree is a single-labelled
tree containing all leaf labels. This second case is interesting as it suggests that the
aforementioned tractable fragments ofMULSETPCwhich can be solved in polynomial
time are not tractable when converted to equivalent MULSETPComp instances.

The rest of the paper is organized as follows. In Sect. 2, we introduce the preliminary
notation and definitions. In Sect. 3 we present the improved NP-completeness proof
for MULSETPC by reduction from the Boolean 3-SAT problem. In Sect. 4 we give a
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NP-completeness proof forMULSETPComp by reduction from the Exact 3-cover with
Multiplicity 3 problem. Section 5 contains our polynomial-time results for tractable
instances ofMULSETPC. Finally, in Sect. 6 we present our conclusions and a few open
problems.

2 Preliminaries

We shall use the following standard definitions on trees.

Definition 1 (Basic tree definitions) All trees we consider are rooted and unordered.
If x, y are nodes in a tree T , then y is an ancestor of x (and x a descendant of y) if y
lies on the unique path from x to the root of T . We denote this by x ≤ y. Additionally,
if y �= x then y is a proper ancestor of x , which we denote by x < y. If x < y and
y is adjacent to x then y is the parent of x and x a child of y. If x and x ′ are both
children of y then x and x ′ are siblings. The lowest common ancestor of nodes x and
y, denoted lcaT (x, y), is the node z such that x ≤ z, y ≤ z, and no proper descendant
of z also satisfies these properties. The empty tree, denoted by T∅, is the unique tree
which contains no nodes.

We use the following definition of leaf-labelled trees, which takes the definitions of
Gascon et. al.[14] and generalises them to the case where the tree may not be binary.

Definition 2 (Leaf-labelled trees) A leaf-labelled tree (T ,X ) is a (rooted, unordered)
tree T where no node has exactly one child and where each leaf has been assigned a
label from a set of labelsX . (We will sometimes refer to T as a leaf-labelled tree onX ,
and omit X if it is clear from context.) A leaf-labelled tree is a single-labelled tree if
every label inX is used at most once. Alternatively, amulti-labelled tree orMUL-tree
is a leaf-labelled tree where we allow each label inX to label multiple leaves.We say a
MUL-tree has multiplicity k if each leaf label appears at most k times. Let L(T ) ⊆ X
denote the set of leaf labels appearing in T and let D(T ) ⊆ L(T ) denote the set of
leaf labels appearing only once in T .

Recall a complete binary tree is a binary tree in which all levels of the tree but the last
are completely filled, and the nodes on the last level fill from the left. (Note that such
a tree may not satisfy the requirements for a phylogenetic tree, since an even number
of nodes will force a node with one child in the penultimate layer.) Also recall that a
caterpillar is a tree in which every node has at most one non-leaf child.

Note that in a single-labelled tree we sometimes abuse notation and identify the
leaf and the leaf label. We do the same in a MUL-tree only if the context is clear and
there is no possibility of confusion.

If u is a node of T then T u denotes the subtree rooted at u containing u and all its
descendants, maintaining the same leaf-labelling as T on the remaining leaves. Let
Du := D(T u).

Definition 3 (Pruning and Perfect Pruning) Given a leaf-labelled tree T , let y denote
a leaf node of T and x the parent of y. We prune the leaf y in the following manner:

• Delete the leaf y.
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• If x still has at least two children, do nothing else.
• Alternatively, if x now has only one child and is not the root, suppress the node x .
• Finally, if x has only one child z and is the root, delete x and make z the new root.

A perfect pruning of T is a single-labelled tree T ′ such that L(T ′) = L(T ), created
by (possibly repeated) prunings of T .

In other words, in a perfect pruning of a MUL-tree T , for every label that appears
more than once in T we prune away all but exactly one copy of the label to obtain a
single-labelled tree. If T is a single-labelled tree, then its only perfect pruning is itself.

Given a leaf-labelled tree T and a set of leaf labels L ′ ⊆ L(T ), let T �L ′ denote the
leaf-labelled tree constructed by pruning from T every leaf labelled by a label from
L(T ) − L ′. (That is, only leaves labelled by L ′ remain.) Two leaf-labelled trees T1
and T2 are leaf-label isomorphic if there is an isomorphism between T1 and T2 which
preserves the labelling of the leaves. We say that a leaf-labelled tree T on L displays
a single-labelled tree T ′ on L ′ ⊆ L if there exists a perfect pruning T ∗ of T such
that T ∗�L ′ is leaf-label isomorphic to T ′. Note T does not display T ′ if L(T ′) is not a
subset of L(T ).

Definition 4 (Refinement)Given single-labelled trees T and T ∗, we say T ∗ is a refine-
ment of T if T can be obtained from T ∗ by (possibly repeated) contractions of non-leaf
edges, where we treat a contraction as merging the child node into the parent node.
We write T ≤ T ∗.

What follows is the definition of a consistent set, and the very similar definition of
a compatible set.

Definition 5 (Consistent Set) Consider a set of single-labelled trees T1, . . . , Tk with
corresponding label sets L1, . . . , Lk . We say this set is consistent if there exists a
single-labelled tree T on label set L = ⋃k

i=1 Li such that for every i = 1, . . . , k, T
displays Ti .

Note in the above definition that if L1 = · · · = Lk then L = L1 and so the set
T1, . . . , Tk is consistent if and only if the trees are pairwise leaf-label isomorphic.

Definition 6 (Compatible Set) Consider a set of single-labelled trees T1, . . . , Tk with
corresponding label sets L1, . . . , Lk . We say this set is compatible if there exists a
single-labelled tree T on label set L = ⋃k

i=1 Li such that for every i = 1, . . . , k,
T �Li

is a refinement of Ti .

Note that every consistent set of trees is also a compatible set, but the converse does
not hold in general.

The MUL-set pruning for consistency problem can then be defined as follows:

MUL-tree Set Pruning for Consistency (MULSETPC) Problem:

Input: (M,X ) where M is a set of MUL-trees on X .

Output: ∃? a perfect pruning of each tree of M resulting in a consistent set of

trees.
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Fig. 1 Let T1, T2, and T ∗ be the three trees with X = {x, y, z, w} shown above. If we prune away the
non-underlined labels in T1 and T2 then T ∗�L(Ti ) is a refinement of the pruned Ti for i ∈ {1, 2}, which
shows that there exists a perfect pruning of {T1, T2} giving a compatible set of trees. In contrast, there is
no perfect pruning of {T1, T2} giving a consistent set of trees because neither of the two single-labelled
subtrees with leaf labels y, z, and w displayed by T1 is also displayed by T2. Note, however, that if the
label w in T1 is changed to x then {T1, T2} becomes consistent since this label can be pruned along with
one leaf labelled by z to obtain a perfect pruning of T1 which is displayed by T ∗

We introduce the following problem, which substitutes compatible for consistent
sets:

MUL-tree Set Pruning for Compatibility (MULSETPComp) Problem:

Input: (M,X ) where M is a set of MUL-trees on X .

Output: ∃? a perfect pruning of each tree of M resulting in a compatible set of

trees.

See Fig. 1 for an example that illustrates the difference between MULSETPC and
MULSETPComp.

3 NP-completeness for MULSETPC instances with twoMUL-trees and
multiplicity 2

In this section we consider the MULSETPC problem, and show that it is NP-complete
even when considering a heavily restricted set of instances. Specifically, we consider
instances with at most two MUL-trees, where the multiplicity is 2, and where either
the MUL-trees are binary or have height at most 5.

Proving these results requires two major cases – the binary case and the restricted
height case. The methods for proving these two cases are very similar to each other,
hence we shall prove both simultaneously. The core of our proof will be a reduction
from 3-SAT [19].

3-satisfiability (3-SAT) Problem:

Input: A Boolean formula C = (C1 ∧ C2 ∧ . . . ∧ Cz) on a finite set of literals

{l1, l2, . . . , lm, l̄1, l̄2, . . . , l̄m}where the formula is in conjunctive normal form and

each clause contains 3 literals.

Output: ∃? a satisfying valuation V of C .
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Fig. 2 Subtrees T1,L, j , T2,L, j , T1,R,i , T2,R,i for MULSETPC

Our first goal is to construct, given an instance of 3-SAT, four MUL-trees
T1(B), T2(B), T1(S) and T2(S) which we will use in our corresponding instances
ofMULSETPC. (Note that the B here stands for binary, and the S for star – essentially
the difference between these trees is that we will switch out binary structures with
unbounded height for stars which have bounded height but unbounded degree.) Our
set of leaf labels X consists of the following:

• {li , l̄i | i = 1, . . . ,m}, the set of literals,
• {Fi , Vi | i = 1, . . . ,m}, a pair of “dummy” labels for each variable and
• P := {C1

j ,C
2
j ,C

3
j | j = 1, . . . , z}, a triple of “position” labels representing the

three places of each clause of C .

Define h := P → {li , l̄i | i = 1, . . . ,m} as the function which maps a position
label Cx

j to the literal found in that position. For example, if C1 = (l1 ∨ l4 ∨ l̄6) then

h(C1
1) = l1, h(C2

1 ) = l4 and h(C3
1) = l̄6. We treat P as being ordered first by the

index of the clause and then by the position. Let H(li ) := {Cx
j | h(Cx

j ) = li }, and
define H(l̄i ) similarly.

Our trees T1(B), T2(B), T1(S), T2(S)will be constructed from six types of subtrees
T1,L, j , T2,L, j , T1,R,i (B), T2,R,i (B), T1,R,i (S) and T2,R,i (S), where i = 1, . . . ,m and
j = 1, . . . , z. See Fig. 2 for the subtrees T1,L, j , T2,L, j , T1,R,i and T2,R,i ; we now
explain how to construct T1,R,i (B), T2,R,i (B), T1,R,i (S) and T2,R,i (S) from T1,R,i

and T2,R,i .
Let vi denote the leaf labelled Vi in T1,R,i and let ui denote the parent of vi . Let

u+
i and u−

i denote the parents of leaves labelled li and l̄i respectively in T2,R,i . Let v
+
i

denote the child of u+
i labelled by Vi , and v−

i denote the child of u−
i labelled by Vi .

Initialise T1,R,i (B) and T1,R,i (S) as copies of T1,R,i , then do the following:

• If H(li ) ∪ H(l̄i ) = ∅, make no further changes in either case.
• Otherwise, in T1,R,i (B) subdivide the edge uivi |H(li ) ∪ H(l̄i )| times, and add to
each new node an adjacent leaf. Label these leaves with H(li ) ∪ H(l̄i ), respecting
the ordering such that the first label is closest to ui .
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• In T1,R,i (S), instead subdivide the edge uivi exactly once, and for each label
Cx

j ∈ H(li ) ∪ H(l̄i ) add a leaf adjacent to the new node labelled by Cx
j .

Initialise T2,R,i (B) and T2,R,i (S) as copies of T2,R,i , and then:

• If H(li ) �= ∅, then in T2,R,i (B) subdivide u+
i v+

i |H(li )| times and add an leaf
adjacent to each new node. Label these leaves with H(li ), respecting the ordering
so that the first label is closest to u+

i . In T2,R,i (S) subdivide u+
i v+

i once and add
|H(li )| leaves adjacent to the new node, labelled by H(li ).

• If H(l̄i ) �= ∅, repeat the previous step, substituting H(l̄i ) for H(li ) and u
−
i v−

i for
u+
i v+

i .

Construct T1,L(B) by taking a complete binary tree on z leaves (recall that z is the
number of clauses), suppressing any nodes with exactly one child, and then identifying
the root of each T1,L, j (ordered by j) with exactly one of the leaves (ordered left-to-
right). Construct T2,L(B) in the same fashion, substituting T2,L, j for T1,L, j . Construct
T1,R(B) by taking a complete binary tree on m leaves, suppressing any nodes with
exactly one child, and then identifying the root of each T1,R,i (B) (ordered by i) with
exactly one of the leaves (ordered left-to-right). Again, construct T2,R(B) in the same
fashion, substituting T2,R,i (B) for T1,R,i (B). Finally, construct T1(B) by taking a root
node r(T1(B)) and adding an edge to the roots of T1,L(B) and T1,R(B); construct
T2(B) in the obvious equivalent fashion. To create T1(S) take a root node r(T1(S))

and add an edge to the roots of each T1,L, j and T1,R,i (S); create T2(S) in the obvious
equivalent fashion.

Given an instanceC of 3-SAT,we create two corresponding instances ofMULSETPC
to deal with our two separate cases: ({T1(B), T2(B)},X ) and ({T1(S), T2(S)},X ).
Note that T1(B), T2(B), T1(S) and T2(S) have multiplicity 2; each leaf label Cx

j ∈
P appears once in T1,L, j or T2,L, j and once in T1,R,i (B), T1,R,i (S), T2,R,i (B) or
T2,R,i (S), sinceCx

j ∈ H(li )∪H(l̄i ) for a single value of i . By inspection, the labels of
X−P also appear atmost twice. Hence the instance ({T1(B), T2(B)},X ) contains two
binary MUL-trees with multiplicity 2, and the instance ({T1(S), T2(S)},X ) contains
twoMUL-trees with height 5 and multiplicity 2. It suffices to now show the reduction,
in two parts.

Lemma 7 If C is a satisfiable instance of 3-SAT then the corresponding instances
({T1(B), T2(B)},X ) and ({T1(S), T2(S)},X ) of MULSETPC admit a perfect pruning
giving a consistent set of trees.

Proof Suppose that C is satisfiable. Then there exists a valuation of every variable
which satisfies every clause of C ; fix one such valuation and label it V . For each
clause C j , mark one of the position labels Cx

j for x ∈ {1, 2, 3} such that h(Cx
j ) is

valued true by V . Since V satisfies every clause, we will always be able to choose a
label to mark; if there are multiple legitimate choices choose arbitrarily. Refer to any
label Cx

j we have not marked as unmarked.
By our construction of T1(B) and T2(B), if we show that after pruning each T1,L, j

and T1,R,i (B) is leaf-label isomorphic to T2,L, j and T2,R,i (B) respectively, then T1(B)

is leaf-label isomorphic to T2(B). A similar argument holds for T1(S) and T2(S).
Consider first the labels of P . Prune from each T1,L, j and T2,L, j the one marked

label Cx
j , and leave the two unmarked labels Cx

j . We must keep the other copy of
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the marked Cx
j and prune away the other copies of the unmarked Cx

j in whichever
T1,R,i (B) and T2,R,i (B) they appear. (A similar argument holds for T1,R,i (S) and
T2,R,i (S).) Consider the sets H(li ) and H(l̄i ). If Cx

j is marked, then h(Cx
j ) is true, and

so at most one of H(li ), H(l̄i ) contains a marked label. Keeping this information in
mind, we can now simply look at the subtrees themselves.

• After this pruning each T1,L, j will be leaf label isomorphic to the corresponding
T2,L, j , by inspection.

• Consider T1,R,i (B) and T2,R,i (B). We have already pruned away unmarked labels
of P . If li is true, prune the copy of li in T1,R,i (B) closest to the root of T1,R,i (B)

and the copy of l̄i furthest from the root; if l̄i is true do the opposite. In T2,R,i (B)

prune the copies of Fi , Vi closer to the literal li or l̄i which evaluates as false.
Hencewe have pruned away the extra copies of each leaf label. It is clear, mostly by
inspection, that T1,R,i (B) is leaf-label isomorphic to T2,R,i (B); the most important
point is that since at most one of H(li ) and H(l̄i ) contains a marked label, at least
one of these sets has been pruned away entirely in T2,R,i (B) (specifically the set
closer to the false literal).

• Consider T1,R,i (S) and T2,R,i (S). This case is identical to the previous except that
the labels of P are now arranged as the leaves of a star instead of the leaves of a
caterpillar, but this does not alter the argument. ��
See Fig. 3 for an illustration of the reduction in Lemma 7.

Lemma 8 If C is not a satisfiable instance of 3-SAT then the corresponding instances
({T1(B), T2(B)},X )and ({T1(S), T2(S)},X )ofMULSETPCdonot admit perfect prun-
ings giving a consistent set of trees.

Proof We prove the contrapositive; that is, suppose either instance
({T1(B), T2(B)},X ) or ({T1(S), T2(S)},X ) does admit a perfect pruning giv-
ing a consistent set of trees. We shall show that C can be satisfied. Let T1, T2 denote
either T1(B), T2(B) or T1(S), T2(S) and T ′

1, T
′
2 the MUL-trees after pruning. Recall

that since T1 and T2 have identical sets of leaf-labels, so do T ′
1 and T ′

2, and so T ′
1 and

T ′
2 must be leaf-label isomorphic to give a consistent set of trees.
Let T ′

1,R,i denote the subtree of T ′
1 corresponding to T1,R,i (B) or T1,R,i (S) after

we have pruned T1 down to T ′
1. Define T

′
2,R,i analogously. Note that since T1,R,i and

T2,R,i are the only subtrees of their respective trees containing the leaf labels Vi , Fi , li
and l̄i neither will be pruned away entirely when constructing T ′

1 and T ′
2, so these

subtrees are well-defined. For the same reason, the subtrees T ′
1,R,i and T ′

2,R,i are leaf-

label isomorphic for all i = 1, . . . ,m. Finally, since the leaf labels Vi , li and l̄i are not
pruned, the nodes ui , u

+
i and u−

i still exist in these subtrees.

Consider T ′
2,R,i , and suppose that both (T ′

2,R,i )
u−
i and (T ′

2,R,i )
u+
i both contain leaf

labels from P . By inspection, T ′
2,R,i cannot be isomorphic to T ′

1,R,i as all leaf labels

fromP will be contained in (T ′
1,R,i )

ui . Hence at most one of (T ′
2,R,i )

u−
i and (T ′

2,R,i )
u+
i

contain leaf labels from P; in the first case set l̄i as true, in the second case set li as
true. If neither case holds set the truth value of li arbitrarily.

We now have a valuation (which we denote V), it suffices to show V satisfies C .
If Cx

j is contained in some T ′
2,R,i , then Cx

j ∈ H(li ) ∪ H(l̄i ). If Cx
j ∈ H(li ) and Cx

j
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Fig. 3 Illustrating the reduction from 3-SAT in Lemma 7. The two MUL-trees T1 and T2 are constructed
from C = (C1 ∧C2 ∧C3) where C1 = (l1 ∨ l2 ∨ l3), C2 = (l2 ∨ l3 ∨ l4), and C3 = (l1 ∨ l2 ∨ l4). Figure
3c shows the corresponding tree T which displays the pruned T1 and T2 corresponding to a satisfiable
assignment l1 = l2 = l3 = l4 = true with marked labels Cc

1,C
c
2 and Ca

3
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is contained in T ′
2,R,i then Cx

j is contained in (T ′
2,R,i )

u+
i , and so h(Cx

j ) = li which is

true, and thus C j is satisfied. A similar argument holds if Cx
j ∈ H(l̄i ).

Thus, if C j is not satisfied, then Cx
j does not appear in any T ′

2,R,i for any i =
1, . . . ,m, x = 1, 2, 3, and because they are leaf-label isomorphic,Cx

j does not appear

in T1,R,i either. Thus C1
j ,C

2
j ,C

3
j all appear in T

′
1,L, j and T

′
2,L, j . However, then T

′
1,L, j

and T ′
2,L, j are not isomorphic, a contradiction. Hence we have a valuation that satisfies

every C j and hence satisfies C . ��
Theorem 9 TheMULSETPC problem is NP-complete, even restricted to instances con-
taining at most two binary MUL-trees with multiplicity 2.

Theorem 10 The MULSETPC problem is NP-complete, even restricted to instances
containing at most two MUL-trees with multiplicity 2 and height at most 5.

Proof of Theorems 9 and 10 Note first that MULSETPC is in NP, since given a set of
pruned leaves, a perfect pruning can be constructed in polynomial time, and the con-
sistency of the resulting set of trees determined in polynomial time using the BUILD
algorithm [1], [14].

The result then follows directly from Lemma 7 and Lemma 8, using
({T1(B), T2(B)},X ) to prove Theorem 9 or ({T1(S), T2(S)},X ) to prove Theorem 10.

��

4 NP-completeness for MULSETPComp

In this section, we extend our previous results regarding the problem MULSETPC to
the similar problem MULSETPComp. We present the following two theorems.

Theorem 11 MULSETPComp is NP-complete, even when restricted to instances con-
taining at most two MUL-trees with multiplicity at most 3 and where the MUL-trees
have height at most 4.

Theorem 12 MULSETPComp is NP-complete, even when restricted to instances con-
taining at most two MUL-trees with height at most 3 and where one MUL-tree is a
single-labelled tree containing all leaf labels.

As was the case in Sect. 3, these two results have very similar proofs, and hence we
shall prove both results simultaneously as we did previously. Here, we reduce from
X3C3, also known to be NP-complete [19]. Recall that an exact cover of a set is a
cover in which every element appears exactly once.

Exact 3-cover with multiplicity 3 (X3C3) Problem:

Input: A set X = {x1, . . . , x3q} and a collection C = {S1, . . . , Sk} of 3-element

subsets of X , such that any element of X appears in at most three sets in C .

Output: ∃? an exact cover for X .

As before, our first goal is to construct, given an instance (X ,C) of X3C3,
a set of two MUL-trees we shall use to construct our corresponding instance of
MULSETPComp.
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Fig. 4 The tree T1(M) for MULSETPComp

Recall that |X | = 3q and that k := |C |. Let m := k − q, the number of sets of
C not chosen to be part of our exact 3 cover. Define A := {aij |i = 1, . . . ,m, j =
1, . . . , k} and B = {bij |i = 1, . . . ,m, j = 1, . . . , k}. Let Ai = {aij | j = 1 . . . , k}
and A j = {aij |i = 1, . . . ,m}, and define Bi , Bj similarly. The labels in A ∪ B are
another set of “dummy” labels we use for technical reasons. Let Y = X ∪ A∪ B, and
Y1 = X ∪ A1 ∪ B1. We may assume that q ≥ 3. We may also assume that k is even; if
not, add to X three additional elements {x3q+1, x3q+2, x3q+3} (which increases q by
1) and add to C a additional set S′ = {x3q+1, x3q+2, x3q+3} (which increases k = |C |
by 1). It is clear this modified instance contains an exact 3-cover if and only if the
original instance did. (If the original instance has an exact 3-cover simply add S′ to get
an exact 3-cover of the modified instance. Any exact 3-cover of the modified instance
must contain S′ to cover {x3q+1, x3q+2, x3q+3}, so removing S′ gives an exact 3-cover
of the original instance.)

We denote our four trees T1(M), T2(M), T1(U ) and T2(U ). Our correspond-
ing instance of MULSETPComp for the low multiplicity result Theorem 11 will be
({T1(M), T2(M)},Y ), and our corresponding instance for Theorem 12, in which there
exists a tree containing each label uniquely, will be ({T1(U ), T2(U )},Y1).

See Figs. 4 and 6 for the construction of T1(M), andFigs. 5 and 7 for the construction
of T2(M). Note that a node labelled αi in Fig. 4 is the root of the appropriate subtree
from Fig. 6, not a leaf labelled by αi . An equivalent statement holds for ᾱi , β i and β̄ i ,
where the subtree rooted at β i is found by taking the subtree of Fig. 6 and replacing
each aij with b

i
j . (An equivalent statement holds for β̄ i and Fig. 7). See Fig. 8 for T1(U )

and Fig. 9 for T2(U ). Note the following other useful facts about our construction:

• Trees T1(M) and T2(M) have the same set of leaf labels. Hence a perfect pruning
of T1(M) and T2(M) is a compatible set of trees if and only if there exists a tree
T ∗(M) on the same leaf label set which is a refinement of both perfect prunings.
An equivalent result holds for T1(U ) and T2(U ).
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Fig. 5 The tree T2(M) for MULSETPComp

Fig. 6 The subtree of T1(M)

rooted by αi

Fig. 7 The subtree of T2(M)

rooted by ᾱi

Fig. 8 The tree T1(U ) for MULSETPComp
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Fig. 9 The tree T2(U ) for
MULSETPComp

• In T1(M) any label of X may appear at most three times, since any xi may appear in
at most three sets of C . Every label of A and B appears once in T1(M)μ� and once
in T1(M)μr . Hence T1(M) has multiplicity 3. In T2(M) any label of X appears
only once, and the labels of A and B appear at most thrice, once in T2(M)γ� and
once or twice in T2(M)γr . Hence T2(M) has multiplicity 3.

• T2(U ) contains every leaf label of Y1 exactly once. Note that T1(U ) is created
from T1(M)μl , replacing each Ai , Bi with A1, B1 respectively.

• The heights of all MUL-trees can be determined by inspection.

We will need the following two technical lemmas.

Lemma 13 Consider a set of elements X = {x1, . . . xk} together with a subset X ′ ⊂ X
such that |X ′| = k−1 and a collection of setsX = {xi , xi+i }i∈[k−1]. Then it is possible
to construct a set equal to X ′ by choosing one element from each set in X .

Proof Since |X ′| = k − 1, let x j denote the one element of X ′ − X . For every i such
that i < j , choose the element xi from {xi , xi+i }. For every i such that i ≥ j , instead
choose the element xi+1. Clearly this constructed set will be equal to X ′, as required.

��
Lemma 14 Let T , T ∗ be single-labelled trees such that T ≤ T ∗, and let u, x, y be
leaf nodes in T (and hence also in T ∗). If lcaT (u, x) < lcaT (u, y) then lcaT ∗(u, x) <

lcaT ∗(u, y).

Proof Suppose for the sake of obtaining a contradiction that lcaT (u, x) < lcaT (u, y)
but lcaT ∗(u, x) �< lcaT ∗(u, y). Since lcaT ∗(u, x) and lcaT ∗(u, y) both lie on the
unique path from u to the root of T ∗, it follows that lcaT ∗(u, y) ≤ lcaT ∗(u, x). This
property ismaintained even after (repeated) edge contractions, and hence lcaT (u, y) ≤
lcaT (u, x), contradicting lcaT (u, x) < lcaT (u, y). ��

The following two lemmas form the core of our main result.

Lemma 15 If (X ,C) is an instance of X3C3 that allows an exact 3-cover C ′
then the corresponding instances ({T1(M), T2(M)},Y ) and ({T1(U ), T2(U )},Y1) of
MULSETPComp admit a perfect pruning giving a compatible set of trees.

Proof Let I ⊂ [k] denote the set of m indices i of those Si we did not choose as part
of our exact 3-cover, that is the sets Si ∈ C − C ′. Let ψ : I → [m] be an arbitrary
bijection. Prune the trees T1(M) and T1(U ) as follows:

• For each Si (or equivalently, each subtree rooted at πi ):
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– If Si ∈ C ′ then keep the labels of Si as the children of π ′
i but prune away all

other leaf labels in the subtrees T1(M)πi and T1(U )πi . After pruning there are
three leaves (with labels corresponding to the elements of Si ) as children of
π ′
i , which is itself a child of μ�.

– If Si /∈ C ′ then prune away all leaf labels in T1(M)πi except aψ(i)
i and bψ(i)

i , and

all leaf labels in T1(U )πi except aψ(i)
1 and bψ(i)

1 . After pruning, the remaining
leaves will be children of πi .

• This completes the pruning of T1(U ); it only remains to complete the pruning of
T1(M). In each T1(M)α

j
, prune away a j

i if the leaf label appears in T1(M)μ� .

Since m sets of C are not in C ′, there are m leaf labels of the form a j
i appearing

in T1(M)μ� , specifically aψ(i)
i for the m values of i for which ψ(i) is defined, or

equivalently for all ψ(i) = 1, . . . ,m. Hence we must prune away one leaf label
in each T1(M)α

j
.

• Repeat the previous step for each T1(M)β
j
– the argument is identical.

Denote the pruned versions of T1(M), T1(U ) by T1(M)′ and T1(U )′. Every leaf
label of X appears once in each pruned tree; this follows directly from C ′ being an
exact 3 cover. All other leaf labels appear only once by inspection; hence this is a
perfect pruning.

Since T2(U ) is already a single-labelled tree, T2(U )′ = T2(U ). We now prune
T2(M) as follows:

• For each T2(M)ρ
j
, prune away all leaf labels except a j

ψ−1( j)
and b j

ψ−1( j)
; after

pruning ρ j has two children, both leaves.
• For each T2(M)ᾱ

j
, we wish to prune this subtree to create a (k − 1) leaf star with

all labels a j
i for our fixed j except a j

ψ−1( j)
. This is possible due to Lemma 13;

from each pair of leaf labels rooted by a child of ᾱ j we pick one leaf to keep and
one to prune away such that we keep one copy of everything except a j

ψ−1( j)
.

• Repeat the previous step for each T2(M)β̄
j
– as before the argument is identical.

There is one copy of each leaf label of X in T2(M), which we do not prune. We prune
the leaf labels of A ∪ B in T2(M) so that the leaf labels of A ∪ B in T2(M)γr are
exactly those that do not appear in T2(M)γ� . Hence this is a perfect pruning, which
we denote T2(M)′.

We now show that T2(M)′ can be constructed from T1(M)′ by repeated non-leaf
edge contractions, which will show {T1(M)′, T2(M)′} form a compatible set (with
T (M)∗ := T1(M)′). We also perform the equivalent construction for T2(U )′.

In T1(M)′ and T1(U )′ contract every remaining π ′
i (one for each of the q sets

Si ∈ C ′) into its parent μ�. Furthermore in T1(M)′, in each T1(M)α
i
and T1(M)β

i
,

contract every non-leaf edge to create a star rooted at αi or βi . By inspection, we can
see T2(M)′ ≤ T1(M)′ and T2(U )′ ≤ T1(U )′, giving our required compatible sets of
trees. ��
See Figs. 10, 11, 12, and 13 for an example of a pruning as in Lemma 15.
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Fig. 10 As an illustrated example, a possible perfect pruning T1(M)′ as in Lemma 15. In this example,
S1, Sk ∈ C ′, but S2 /∈ C ′

Fig. 11 A subtree of T1(M)′ in
the pruning from Fig 10. In this
example, ψ(1 + k

2 ) = i

Fig. 12 A possible perfect pruning T2(M)′, corresponding to the perfect pruning of Fig. 10

Fig. 13 A subtree of T2(M)′ in
the pruning from Fig. 12. Again,
here ψ−1(i) = k

2 + 1

Lemma 16 If (X ,C) is an instance of X3C3 that does not allow an exact 3-cover C ′
then the corresponding instances ({T1(M), T2(M)},Y ) and ({T1(U ), T2(U )},Y1) of
MULSETPComp do not admit perfect prunings giving a compatible set of trees.

Proof We prove the contrapositive: suppose that either ({T1(M), T2(M)},Y ) or
({T1(U ), T2(U )},Y1) admits a perfect pruning giving a compatible set of trees. We
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shall construct an exact 3-cover C ′ ⊂ C . Let T ′
1, T

′
2 denote our perfect pruning of

either T1(M), T2(M) or T1(U ), T2(U ). Let T ∗ denote the tree that is a refinement of
both T ′

1, T
′
2.

Claim 17 Suppose that T ′
1, T

′
2 are perfect prunings of T1(M), T2(M) respectively. For

each i , at least one label in Ai and one label in Bi is in (T ′
2)

γ� .

Proof We prove this result for Ai ; the result follows equivalently for Bi . Suppose
otherwise there is no label of Ai in (T ′

2)
γ� , that is, all of Ai is contained in (T ′

2)
γr ,

and hence (T ′
2)

ᾱi
. Since k ≥ q ≥ 3, any perfect pruning (T ′

2) which has k leaves in

(T ′
2)

ᾱi
must have at least two leaves which are siblings and distance 2 from ᾱi . Denote

these labels aij and aij+1. Define j ′ = j + k
2 if j ≤ k

2 and j ′ = j − k
2 if j > k

2 .

Since k ≥ 3, it follows j ′ �= j + 1. Since aij and aij ′ are not siblings, it follows that

lcaT ′
2
(aij , a

i
j+1) < lcaT ′

2
(aij , a

i
j ′)

Since T ∗ is a refinement of both T ′
1 and T ′

2, and (T ′
1)

μ� and (T ′
2)

γ� must contain all
leaf labels from X , it follows that some subtree of T ∗ is a refinement of both (T ′

1)
μ� and

(T ′
2)

γ� . As a result, there must be another subtree of T ∗ which is a refinement of both
(T ′

1)
μr and (T ′

2)
γr . Since of Ai is contained in (T ′

2)
γr , it follows all of Ai is contained

in (T ′
1)

μr and hence in (T ′
1)

αi
. Since T1(M)α

i
contains exactly one copy of each label

in Ai , it follows we cannot have pruned any leaves away, that is, (T ′
1)

αi = T1(M)α
i
.

By inspection, lcaT ′
1
(aij , a

i
j ′) < lcaT ′

1
(aij , a

i
j+1), since a

i
j and aij ′ are siblings but a

i
j

and aij+1 are not.

By Lemma 14, both of these equations must also hold T ∗, giving us a contradiction.
��

Suppose that T ′
1, T

′
2 are perfect prunings of T1(M), T2(M) respectively, and con-

sider the subtree (T ′
2)

ρi
. By Claim 17 both Ai and Bi have at least one leaf label in

(T ′
2)

γ� , these leaf labels must exist in (T ′
2)

ρi
. If aij is a leaf label in (T ′

2)
ρi
, let θ(aij )

denote a leaf label of Bi in (T ′
2)

ρi
. (At least one such label must exist; if there are mul-

tiple possible labels simply choose arbitrarily. The function θ may not be a bijection.)
Alternatively suppose that T ′

1, T
′
2 are perfect prunings of T1(U ), T2(U ). If aij is a leaf

label in (T ′
2)

ρi
, let θ(aij ) denote a leaf label of B

i in (T ′
2)

ρi
. (This exists by inspection,

and note here j = 1 and θ(aij ) = bij .) Hence no matter which case we are dealing

with, θ is well-defined on aij in (T ′
2)

ρi
.

Claim 18 No subtree (T ′
1)

π ′
j contains both a leaf label from A j and a different leaf

label from S j ∪ A j .

Proof Suppose for the sake of obtaining a contradiction that (T ′
1)

π ′
j contains one leaf

label from A j , denoted aij , and another label z ∈ S j ∪ A j such that z �= aij . (Note that
as two leaves of π ′

j exist, the node π ′
j will not have been suppressed, so this subtree

is well-defined.) Clearly aij must also be contained in (T ′
2)

ρi
; if T2 = T2(M) this is
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due to the labels of X forcing one subtree of T ∗ to be a refinement of both (T ′
1)

μ� and
(T ′

2)
γ� , if T2 = T2(U ) it follows by inspection. Hence θ(aij ) is well-defined. Since z

and aij are siblings in T ′
1 but a

i
j and θ(aij ) are not, lcaT ′

1
(aij , z) < lcaT ′

1
(aij , θ(aij )).

By inspection, lcaT ′
2
(aij , θ(aij )) = ρi , which has not been suppressed as it has

aij and θ(aij ) as children. If z appears in (T ′
2)

ρi
, then z ∈ Ai , since z /∈ Bi . Hence

z ∈ A j ∩ Ai , and so z = aij , contradicting our choice of z which is distinct from

aij . Hence z does not appear in (T ′
2)

ρi
and so lcaT ′

2
(aij , θ(aij )) < lcaT ′

2
(aij , z). By

Lemma 14, these equations give a contradiction. ��
Let R1, . . . , Rk denote the k subtrees of T ′

1 rooted at children of μ�. Note that the
equivalent subtrees in T1(M) or T1(U ) are rooted at the nodes π j but this may no
longer be true after pruning, and instead such a subtree may be rooted at π ′

j , may
consist of a single leaf label, or may be entirely empty. (Should a subtree be entirely
pruned away, we abuse notation and say that R j = ∅ to ensure that we have exactly k
subtrees.) If a subtree R j contains at least one leaf label from S j we say it has Type 1,
otherwise it has Type 2.

There are at least m labels from A in (T ′
1)

μ� ; this follows by Claim 17 when
T ′
1 = T1(M) and by inspection when T ′

1 = T1(U ). By Claim 18 each of these labels
must appear in a different R j . Also by Claim 18, no R j containing a label from A
contains a label from S j , and so there are at least m Type 2 subtrees. Hence there are
at most k − m = q Type 1 subtrees.

Every Type 1 subtree R j contains at most three labels from S j (and thus from X )
since |S j | = 3. Hence the Type 1 subtrees contain in total at most 3q leaf labels from
X . However, |X | = 3q, and since T ′

1 contains all leaf labels from X exactly once, the
Type 1 subtrees must contain exactly 3q leaf labels from X . Thus, each Type 1 subtree
must contain exactly three labels from S j . If R j is a Type 1 subtree, add S j to C ′. The
collection C ′ is an exact 3-cover; if two sets of C ′ share an element then two R j in T ′

1
have a leaf label in common, which is impossible in a perfect pruning, and the order
of C ′ shows C ′ covers X , as required. ��

We now prove Theorem 11 and Theorem 12.

Proof of Theorem 11 and Theorem 12 Note first that MULSETPComp is in NP, since
given a set of pruned leaves, a perfect pruning can be constructed in polynomial time.
The compatibility of this set of trees can be determined in polynomial time using
the BUILDST algorithm [9]. The result then follows directly from Lemma 15 and
Lemma16, using either ({T1(M), T2(M)},Y ) or ({T1(U ), T2(U )},Y1) for Theorem11
and 12 respectively. ��

We close this section with the following related result.

Remark MULSETPComp is NP-complete when restricted to instances with at most
two MUL-trees with multiplicity 2, as long as all trees are binary.

Recall that in general any consistent set of trees is also a compatible set; in the case
where all trees are binary the inverse also holds, as a binary tree cannot be refined
further. This proves the remark.
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5 An algorithm for MULSETPC instances with k binary MUL-trees
where every label is unique in at least one tree

5.1 Preliminaries

In this section, we consider the instances of MULSETPC in which we are given a set
of k binary MUL-trees M = T1, . . . , Tk such that every label appears uniquely in
at least one tree, that is,

⋃k
i=1 D(Ti ) = X . (Recall that D(Ti ) denotes the set of

leaf labels that appear exactly once in Ti .) We observe that this special condition on
the input makes the problem computationally tractable, as it leads to a new recursive
formula for MULSETPC that can be evaluated efficiently by adapting the classic tech-
nique of dynamic programming over k-tuples of nodes previously used for the MAST
problem [13, 18, 27].

While the trees in a given instance of MULSETPC are unordered, for technical
reasons we treat them as having a fixed left-right ordering defined on the children of
each node. This left-right ordering is defined arbitrarily on each tree. Note, however,
that when we consider isomorphism between trees, we ignore this ordering; that is, we
treat T1 and T2 as leaf-label isomorphic even if the isomorphism doesn’t maintain the
ordering, and given two isomorphic trees it is possible that the isomorphism switches
the ordering of some of the children.

To solve MULSETPC, we need to determine if there exists a perfect pruning of
each MUL-tree T1, . . . , Tk , together with a single-labelled binary tree T on X , such
that T displays the pruned Ti for every i = 1, . . . , k. This is equivalent to finding a
single-labelled binary tree T onX such that Ti displays T �L(Ti ) for every i = 1, . . . , k.

Let ε denote a “dummy" or “empty" node, and set T ε
i = T∅, the empty tree.

For all k-tuples of nodes �a = (a1, . . . , ak) ∈ ∏k
i=1

(
V (Ti ) ∪ {ε}

)
, define S(�a) =

⋃k
i=1

(
D(Ti ) ∩ L(T ai

i )
)
. We aim to find a binary tree T that is leaf-labelled by S(�a)

such that T ai
i displays T �L(Ti ) for i = 1, . . . , k. To do this we define the following

boolean function.

Definition 19 (W (�a))

W (�a) =

⎧
⎪⎨

⎪⎩

true if there exists a single-labelled binary tree T leaf-labelled

by S(�a) such that T ai
i displays T �L(Ti ) for all i = 1, . . . , k,

false otherwise.

The instance of MULSETPC will be satisfied if and only if such a tree T exists for
the k-tuple consisting of the root nodes r1, . . . , rk , and so it is sufficient to compute
W (r1, . . . , rk). Lemma 20 shows that the necessary condition of the existence of T is
that S(�a) ∩ L(Ti ) ⊆ L(T ai

i ) for i = 1, . . . , k.

Lemma 20 Let T be a binary tree leaf-labelled by S(�a). If S(�a)∩ L(Ti ) � L(T ai
i ) for

some i , T ai
i does not display T �L(Ti ).
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Proof Suppose that S(�a) ∩ L(Ti ) � L(T ai
i ), then there exists u ∈ S(�a) ∩ L(Ti ) such

that u /∈ L(T ai
i ). Since T �L(Ti ) is labelled by S(�a) ∩ L(Ti ), we have that T

ai
i cannot

display T �L(Ti ). ��

Given a non-leaf node ai ∈ V (Ti ), let a�
i and ari denote the left and right children

of ai respectively. For each i = 1, . . . , k and ai ∈ V (Ti ), we define a set P(ai ) by
P(ai ) = {ε, ai } when ai is a leaf and P(ai ) = {ε, ai , a�

i , a
r
i } otherwise. Finally, if

ai = ε set P(ai ) = {ε}. For each ai ∈ V (Ti ) define a function cai as follows:

cai (ε) = ai , and cai (ai ) = ε.

When ai is a non-leaf (and thus a�
i and a

r
i are defined), also let

cai (ari ) = a�
i , and cai (a�

i ) = ari .

Alternatively, if ai = ε, let
cε(ε) = ε.

Hence cai is an involution on P(ai ) which associates each x ∈ P(ai ) with a comple-
ment. Let�(�a) = ∏k

i=1 P(ai )−{(ε, . . . , ε), (a1, . . . , ak)}, and note that |�(�a)| < 4k .
We define a partial ordering ≤ on

∏k
i=1(V (Ti ) ∪ {ε}) by taking (a′

1, . . . , a
′
k) ≤

(a1, . . . , ak) if and only if a′
i ≤ ai for all i = 1, . . . , k. Also, (a′

1, . . . , a
′
k) <

(a1, . . . , ak) if and only if (a′
1, . . . , a

′
k) ≤ (a1, . . . , ak) and a′

i < ai for some i .
We treat ε as being a minimal node, that is, ε < ai for all ai ∈ V (Ti ). Hence the
unique ≤-minimum element is (ε, . . . , ε).

Example 21 Let T1, T2, and T3 in Fig. 14 form an instance of MULSETPC.

1. Consider the 3-tuple (1, 8, 17), consisting of the roots of the three trees. Note
that S(1, 8, 17) = {α, β, γ, δ} and that T �L(T1) = T �L(T2) = T �L(T3) = T
as L(T1) = L(T2) = L(T3) = L(T ). Thus W (1, 8, 17) = true since (by
inspection) T 1

1 , T 8
2 and T 17

3 all display T .
2. Consider the 3-tuple (2, 11, 18). By inspection (specifically of T 18

3 ) we see that
S(2, 11, 18) = {α, γ, δ}. For T 2

1 to display some single-labelled T labelled by
S(2, 11, 18), it must be that T = T 2

1 , since T
2
1 and T will be single-labelled trees

on the same set of labels. By the same argument, T 11
2 = T . However, T cannot be

isomorphic to both trees. Hence no such T exists and so W (2, 11, 18) = false.
��

Our main result in this section is an algorithm that efficiently determines W (�a).
Fundamental to these efforts is the following recursive formula Z(�a), which gives a
convenient way of evaluating the function W (�a).

Definition 22 (Z(�a)) Z(�a) is defined as follows:

• If S(�a) ∩ L(Ti ) � L(T ai
i ) for some i , Z(�a) = false.

• Otherwise, if |S(�a)| ≤ 1, Z(�a) = true.
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Fig. 14 Figures for Examples 21 and 23. The underlined labels are those retained after pruning T1, T2 and
T3 down to obtain T . Note that D(T1) = {α, β}, D(T2) = {β, δ} and D(T3) = {α, γ, δ}, so every label
appears uniquely in at least one tree

• Otherwise,

Z(�a) =
∨

(x1,...,xk )∈�(�a)

(
Z(x1, . . . , xk) ∧ Z(ca1(x1), . . . , c

ak (xk))
)

Example 23 Consider again the trees T1, T2, and T3 in Fig. 14.

1. We show Z(1, 8, 17) = true as follows. First we note that S(1, 8, 17) =
{α, β, γ, δ} and that L(Ti ) = L(T ri

i ) for i = 1, 2, 3, where ri is the root of Ti .
Hence Z(1, 8, 17) = true if and only if there exists a 3-tuple in�(1, 8, 17) such
that Z evaluates to true on both the 3-tuple and its complement. Consider the 3-
tuple (1, 9, 18) and complement (ε, 10, 19). Since S(ε, 10, 19) = ∅, it follows that
Z(ε, 10, 19) = true. To show that Z(1, 9, 18) = true, determine Z(�x) where
�x ∈ {(4, 14, 23), (5, 13, 22), (6, 15, 24), (7, 16, 25), (2, 11, 20), (3, 12, 21)}. For
each of these 3-tuples Z(�x) = true. (We omit the calculation, but note for
each �x either Z(�x) = true trivially or Z(�x) = true due to two 3-tuples of
�(�x) which appear earlier in the sequence.) Hence Z(1, 9, 18) = Z(2, 11, 20) ∧
Z(3, 12, 21) = true and so Z(1, 8, 17) = true.

2. We now show Z(2, 11, 18) = false. As S(2, 11, 18) = {α, γ, δ}, it follows
S(2, 11, 18) ⊆ L(T 2

1 ), L(T 11
2 ), L(T 18

3 ), and so if we wish to show Z(2, 11, 18) =
false we must show that for every �x ∈ �(2, 11, 18) either Z(�x) = false
or Z(�y) = false (where �y is the complement of �x). Let (x1, x2, x3) := �x .
Without loss of generality suppose that x3 = 18 or 20. (If not, simply swap �x
and �y.) Hence δ, α ∈ S(�x) ∩ L(T1). If x1 �= 2 then either δ or α is not an
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element of L(T x1
1 ) and thus S(�x) ∩ L(T1) � L(T x1

1 ) and Z(�x) = false. Hence
we may suppose that x1 = 2 and, by an equivalent argument, that x2 = 11.
Since (2, 11, 18) /∈ �(2, 11, 18), we may assume �x = (2, 11, 20). However, then
�y = (ε, ε, 21), and Z(ε, ε, 21) = false. Hence for all choices of �x , either
Z(�x) = false or Z(�y) = false, and so Z(2, 11, 18) = false.

Finally, note Z(1, 8, 17) = W (1, 8, 17) and Z(2, 11, 18) = W (2, 11, 18). ��

5.2 Proof thatW(�a) = Z(�a)

The following two lemmas prove that indeed W (�a) = Z(�a) for every �a =
(a1, . . . , ak) ∈ ∏k

i=1(V (Ti ) ∪ {ε}).
Lemma 24 Let T1, T2, . . . , Tk be a collection of k binary MUL-trees such that⋃k

i=1 D(Ti ) = X . If Z(�a) = true then W (�a) = true.

Proof We prove this by strong induction on the partial ordering ≤ of the k-tuples.
Consider the base case, the unique minimal k-tuple (ε, . . . , ε). As S(ε, . . . , ε) = ∅,
we set T = T∅ and note T ε

i = T∅ displays T �L(Ti ) trivially for all i = 1, . . . , k. Thus
W (ε, . . . , ε) = true.

Now suppose that Z(�a) = true. Then S(�a)∩L(Ti ) ⊆ L(T ai
i ) for all i = 1, . . . , k,

and either (i) |S(�a)| ≤ 1 or (ii) there is some �x ∈ �(�a) such that Z(�x)∧Z(�y) = true
(where �y is the complement of �x).

Case (i): If S(�a) = ∅ then set T = T∅, which is trivially displayed by T ai
i for all i .

Otherwise, if S(�a) = {u}, let T to be the singleton tree with its single leaf labelled by
u. Now, if u ∈ L(T ai

i ) then T ai
i displays T �L(Ti ) = T . Alternatively, if u /∈ L(T ai

i )

then u /∈ S(�a) ∩ L(Ti ) and so u /∈ L(Ti ). Hence T
ai
i displays T �L(Ti ) = T∅ trivially.

Case (ii): As �x, �y < �a, by induction it follows that W (�x) ∧ W (�y) = true and
hence that there exist Tx and Ty such that T xi

i displays Tx�L(Ti ) and T yi
i displays

Ty�L(Ti ) for all i . We will need the following claim.

Claim 25 S(�a) is a disjoint union of S(�x) and S(�y).
Proof Since L(T xi

i ), L(T yi
i ) ⊆ L(T ai

i ) for all possible xi , yi , it follows that
S(�x), S(�y) ⊆ S(�a). Similarly, since L(T ai

i ) = L(T xi
i ) ∪ L(T yi

i ) it follows that
S(�a) ⊆ S(�x) ∪ S(�y). Now suppose for the sake of obtaining a contradiction that
there exists u ∈ S(�x) ∩ S(�y). Hence there exist i, j such that u ∈ D(Ti ) ∩ L(T xi

i )

and u ∈ D(Tj ) ∩ L(T
y j
j ). Since Z(�x) ∧ Z(�y) = true, it follows by induction that

S(�x) ∩ L(Tj ) ⊆ L(T
x j
j ) and thus u ∈ L(T

x j
j ). As u ∈ L(T

y j
j ), u is not unique in

L(Tj ) and so u /∈ D(Tj ), a contradiction. Hence S(�x) ∩ S(�y) = ∅ and so S(�a) is a
disjoint union of S(�x) and S(�y). ��

We construct T as follows. If |L(Tx )|, |L(Ty)| �= 0, then construct T by taking
the trees Tx and Ty and adding a new root node adjacent to the roots of Tx and Ty . If
Ty = T∅, let T = Tx . Finally, if Tx = T∅, let T = Ty . (Note that since |S(�a)| ≥ 2, it
is not possible that Tx = Ty = T∅.) Since S(�a) is a disjoint union of S(�x) and S(�y), T
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Fig. 15 Illustrating Lemma 24, Case (ii), Subcase (i). Since T
xi
i displays Tx �L(Ti ) and T

yi
i displays

Ty�L(Ti ), then T
ai
i displays Tx �L(Ti ) and Ty�L(Ti ) connected by a root node (assuming all these trees

are non-empty). Thus constructing T from Tx and Ty and a new root node connecting them is sufficient

is a single labelled tree, and is leaf-labelled by S(�a), as required. It remains to show
that T ai

i displays T �L(Ti ) for all i = 1, . . . , k.
Subcase (i) – ai �= ε, and either xi = a�

i or xi = ari :Without loss of generality, let
xi = a�

i , and so yi = ari . Since xi = a�
i , it follows that T

xi
i (and T yi

i ) are both non-
empty. By induction T xi

i displays Tx�L(Ti ) and T yi
i displays Ty�L(Ti ). If both Tx�L(Ti )

and Ty�L(Ti ) are non-empty, then T ai
i displays T �L(Ti ) by inheriting the mapping from

T xi
i and T yi

i , andmapping ai to the root of T (Fig. 15). Alternatively, if (without loss of
generality) Ty�L(Ti ) is empty but Tx�L(Ti ) is not, then T

ai
i displays T �L(Ti ) = Tx�L(Ti )

simply by inheriting the mapping from T xi
i . Finally, if both Tx�L(Ti ) and Ty�L(Ti ) are

empty, then T �L(Ti ) = T∅ which is displayed by T ai
i trivially.

Subcase (ii) – ai �= ε, and either xi = ai or xi = ε: Without loss of generality, let
xi = ai and so yi = ε. Now T ai

i = T xi
i displays Tx�L(Ti ) = T �L(Ti ). (As T

yi
i = T ε

i =
T∅ displays Ty�L(Ti ), it follows that Ty�L(Ti ) = T∅ also.)

Subcase (iii) – ai = ε: If ai = ε, it follows that xi = yi = ε. Since T xi
i = T ε

i = T∅
displays Tx�L(Ti ) it follows that Tx�L(Ti ) = T∅ and similarly Ty�L(Ti ) = T∅. Thus T ai

i
displays T �L(Ti ) = T∅.

In all subcases T ai
i displays T �L(Ti ), where T is a single labelled tree leaf-labelled

by S(�a). Thus W (�a) = true. ��
Lemma 26 Let T1, T2, . . . , Tk be a collection of k binary MUL-trees such that⋃k

i=1 D(Ti ) = X . If W (�a) = true then Z(�a) = true.

Proof We prove this by strong induction on the partial ordering ≤ of the k-tuples. For
the base case, consider the k-tuple (ε, . . . , ε), the unique minimal element:

• S(ε, . . . , ε) ∩ L(Ti ) ⊆ L(T ε
i ) for all i since S(ε, . . . , ε) = ∅, and so the first case

does not apply.
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Fig. 16 The tree T
a j
j in Case (i)

of Lemma 26, showing how
S(�x) = S(�a) and S(�y) = ∅

• |S(ε, . . . , ε)| = 0, and so Z(ε, . . . , ε) = true by the second case.

Hence our result holds in the base case, since Z(ε, . . . , ε) will always evaluate to
true. Now suppose that the result holds for all (a′

1, . . . , a
′
k) < �a, and show that it

holds also for �a.
As W (�a) = true, let T be the single labelled tree leaf-labelled by S(�a) such that

T ai
i displays T �L(Ti ) for each i = 1, . . . , k. We show that Z(�a) = true. Consider

the first two possibilities. If S(�a) ∩ L(Tj ) � L(T ai
j ) for some j , then by Lemma 20,

T
a j
j does not display T �L(Tj )

, contradicting W (�a) = true. Also, if |S(�a)| ≤ 1, then
Z(�a) = true.

Hence we may assume that S(�a) ∩ L(Ti ) ⊆ L(T ai
i ) for all i and that |S(�a)| ≥ 2.

It suffices to find k-tuples �x = (x1, . . . , xk) and (ca1(x1), . . . , cak (xk)) such that
�x ∈ �(a1, . . . , ak) and Z(�x) ∧ Z(ca1(x1), . . . , cak (xk)) = true. For simplicity, let
�y = (y1, . . . , yk) denote the complement of �x , that is, let yi = cai (xi ) for all i .

Case (i) – There exists a j �= ε such that either T
a�
j

j or T
arj
j displays T �L(Tj )

: In

this case define �x by setting xi = ai for all i �= j , and setting x j = a�
j or x j = arj ,

depending on which rooted subtree displays T �L(Tj )
. Then note the complement �y

consists of yi = ε for all i �= j and y j = arj or y j = a�
j .

We now determine S(�x) and S(�y). It is clear that S(�x), S(�y) ⊆ S(�a). Suppose for
the sake of obtaining a contradiction that there exists u ∈ S(�a) but u /∈ S(�x). Since
xi = ai for all i �= j , it follows that u ∈ D(Tj ) ∩ L(T

a j
j ) but u /∈ L(T

x j
j ). But as

u ∈ S(�a) ∩ L(Tj ), u is a label of T �L(Tj )
. Since T

x j
j displays T �L(Tj )

, it follows that

u ∈ L(T
x j
j ), a contradiction. (This is shown in Fig. 16.) Hence S(�x) = S(�a). Now

suppose there exists v ∈ S(�y). Thus v ∈ D(Tj ) ∩ L(T
y j
j ) since L(T yi

i ) = ∅ for all

i �= j ; also v ∈ S(�a). The tree T
x j
j displays T �L(Tj )

which is labelled by S(�a)∩L(Tj ),

hence the tree T
x j
j must contain v. Thus v appears twice in L(T

a j
j ), once in L(T

x j
j )

and once in L(T
y j
j ). (See the label v Fig. 16.) This contradicts v ∈ D(Tj ). Hence

S(�y) = ∅.
Now let Tx := T which is a single labelled tree leaf-labelled by S(�x) = S(�a),

and let Ty := T∅ which is a single labelled tree leaf-labelled by S(�y) = ∅. For each

123



Algorithmica            (2026) 88:58 Page 25 of 30    58 

i = 1, . . . , k, T xi
i displays T �L(Ti ) = Tx�L(Ti ), and T yi

i displays T∅ = Ty . Hence
W (�x) ∧ W (�y) = true. By induction, Z(�x) ∧ Z(�y) = true and so Z(�a) = true.

Case (ii) – For all i either ai = ε, or ai is a leaf, or ai is a non-leaf but neither T
a�
j

j

nor T
arj
j displays T �L(Ti ): As T

ai
i displays T �L(Ti ), it is possible to prune labels from

T ai
i to obtain a tree leaf-label isomorphic to T �L(Ti ). Denote the tree that remains after

this pruning by Qi for all i = 1, . . . , k. As |S(�a)| ≥ 2 the root of T has two children,
and so we label the disjoint, non-empty subtrees rooted at these two children T � and
T r .

Initially, let ai �= ε. Suppose ai /∈ V (Qi ) and ai has two children in T ai
i . That is,

ai was removed from T ai
i when creating Qi – this can only occur if all of the labels

from either T
a�
i

i or T
ari
i were pruned, and thus either T

ari
i or T

a�
i

i displays T �L(Ti ). This
possibility is covered by the previous case. Alternatively, if ai /∈ V (Qi ) and ai does
not have two children in T ai

i , then T ai
i is a singleton tree consisting only of ai and thus

Qi = T∅. Hence either ai ∈ V (Qi ) (and thus ai is the root of Qi ) or Qi = T∅.
There is an isomorphic mapping from Qi to T �L(Ti ), and under this mapping the

node ai is mapped to a node in T (as long as Qi �= T∅). This allows us to classify each
i ∈ {1, . . . , k} such that ai �= ε, as follows:

• If ai maps to the root of T , let i have Type C .
• If ai maps to a node of T �, let i have Type L .
• If ai maps to a node of T r , let i have Type R.
• If Qi = T∅, let i have Type N .

When ai = ε, let i have Type E (Fig. 17, Fig. 18). It is clear that every i ∈ {1, . . . , k}
has exactly one of these five types. Also note if Qi is a singleton tree consisting of the
node ai ( �= ε), then since the root of T is not a leaf, i must have Type L or Type R.

Recall we need to find k-tuple �x ∈ �(a1, . . . , ak) such that Z(�x)∧ Z(�y) = true,
where �y is the complement of �x . We use the type of each i to determine xi (and thus
also complement yi ). .

• Say i has Type C . Let u� and ur denote the two children of ai in Qi . One of
these is mapped to a node of T � and the other to a node of T r . Note also the
root of T �L(Ti ) also must have two children, due to the isomorphic mapping. If u�

maps to a node of T � then T
a�
i

i displays T ��L(Ti ). (This can be seen by inheriting

the pruning of T ai
i that gives Qi , restricted only to T

a�
i

i .) Similarly, T
ari
i displays

T r �L(Ti ); if instead u� maps to a node of T r then a similar argument holds after
switching the subtrees. Let xi = a�

i if u� maps to T � or ari otherwise. Thus T xi
i

displays T ��L(Ti ) and T yi
i displays T r �L(Ti ).

• Say i has Type L . Let xi = ai . As ai , and thus all of Qi , maps to T �, pruning T
to create T �L(Ti ) leads to all labels of T r being pruned away. Hence T xi

i = T ai
i

displays T �L(Ti ) = T ��L(Ti ), and T yi
i = T ε

i = T∅ displays T r �L(Ti ) = T∅.
• Say i has Type R. Let xi = ε and yi = ai . This follows equivalently to the Type

L case.
• Say i has Type N . As Qi = T∅, it follows that T �L(Ti ) = T∅. Set xi = ai ; it
follows that T xi

i and T yi
i trivially display T ��L(Ti ) = T r �L(Ti ) = T∅.
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Fig. 17 A possible T
ai
i , Qi , T and T �L(Ti ) for Case (ii) of Lemma 26 – the dotted leaf edges denote

pruned labels. Here suppose S(�a) = {α, β, δ, λ} but λ /∈ L(Ti ). By pruning T
ai
i to create Qi and T to

create T �L(Ti ) we obtain our leaf-label isomorphic trees. Since ai maps to r(T ), i will have Type C

Fig. 18 Another possible T
ai
i , Qi , T and T �L(Ti ) for Case (ii) of Lemma 26. Here suppose S(�a) =

{α, β, δ, λ} but β, λ /∈ L(Ti ). In this case ai maps to a node in T �, and so i will have Type L

• Say i has Type E . Set xi = yi = ε; note these are the only valid choices from
P(ε). Since T ai

i = T ε
i = T∅ displays T �L(Ti ), it follows that T �L(Ti ) = T∅ and

thus T xi
i and T yi

i display T ��L(Ti ) = T∅ and T r �L(Ti ) = T∅ respectively.

Thus by the above process we define �x and its complement �y. In all cases T xi
i

displays T ��L(Ti ) and T yi
i displays T r �L(Ti ). Two things remain to check.

Claim 27 T � is labelled by S(�x) and T r is labelled by S(�y).
Proof Let u ∈ S(�x), and set j such that u ∈ D(Tj ) ∩ L(T

x j
j ). As S(�x) ⊆ S(�a),

it follows that u ∈ S(�a) and thus u ∈ L(T ). Suppose for the sake of obtaining a
contradiction that u /∈ L(T �). Hence u ∈ L(T r ) and also u is a label of T r �L(Tj )

. As

T
y j
j displays T r �L(Tj )

, it follows that u ∈ L(T
y j
j ), and as u ∈ L(T

x j
j ), it follows that u
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is not unique in Tj , contradicting u ∈ D(Tj ). Thus u ∈ L(T �), and so S(�x) ⊆ L(T �).
Alternatively, let v ∈ L(T �). Hence v ∈ L(T ) and so v ∈ S(�a). Choose j such that
v ∈ D(Tj ) ∩ L(T

a j
j ). As v ∈ L(Tj ) and v ∈ L(T �), v is a label of T ��L(Tj )

which

is displayed by T
x j
j , and so v ∈ L(T

x j
j ). With v ∈ D(Tj ) this implies v ∈ S(�x) and

thus L(T �) ⊆ S(�x). A similar argument shows that T r is labelled by S(�y). ��
Claim 28 �x ∈ �(�a). (That is, �x �= (ε, . . . , ε), �a.)
Proof Without loss of generality let �x = �a and �y = (ε, . . . , ε). Hence every i has
Type L or Type N (whenever ai �= ε) or Type E (when ai = ε). Since |S(�a)| ≥ 2, we
know T r is non-empty, so let u ∈ L(T r ). It follows from the types that T r �L(Ti ) = T∅
for all i , and so u /∈ L(Ti ) for all i . However u ∈ S(�a), a contradiction. ��

Set Tx = T �, a single labelled tree leaf-labelled by S(�x). T xi
i displays Tx�L(Ti ) for

all i . Set Ty = T r , a single labelled tree leaf-labelled by S(�y). T yi
i displays Ty�L(Ti )

for all i . Thus W (�x) ∧ W (�y) = true, and so by induction Z(�x) ∧ Z(�y) = true, as
required. ��

5.3 A polynomial-time algorithm

Lemmas 24 and 26 provide us with a criterion for deciding the MULSETPC problem
that can be computed in polynomial-time in the size of the trees, for any fixed number
of trees.

Theorem 29 Let T1, T2, . . . , Tk be a collection of k binary MUL-trees such that⋃
i X (Ti ) = ⋃

i D(Ti ). Then MULSETPC for this instance can be solved in O((nk +
4k) · ∏k

i=1(|Ti | + 1)) = O∗(8k · ∏k
i=1 |Ti |) time.

Proof Based on Lemmas 24 and 26, it is sufficient to compute Z(r1, . . . , rk), where
ri is the root of tree Ti , since W (r1, . . . , rk) = Z(r1, . . . , rk) and T ri

i = Ti for
all i = 1, . . . , k. We can compute Z(r1, . . . , rk) via dynamic programming with
memoization as outlined in Algorithm 1. To simplify the presentation, the operations
related to memoization have been omitted from the pseudocode. More precisely, we
assume that whenever the algorithm has computed some Z(a1, . . . , ak)-value and is
about to return, it also stores it in a table, and that whenever the algorithm needs some
Z -value on line 6, it can check if that value has previously been computed and if so,
retrieve it, in O(1) time.

Algorithm 1 Dynamic programming algorithm for Z(a1, . . . , ak)
1: let S = S(a1, . . . , ak )
2: if S ∩ L(Ti ) � L(T

ai
i ) for some i = 1, . . . , k then return false

3: else if |S| ≤ 1 then return true
4: else
5: for (x1, . . . , xk ) ∈ �(a1, . . . , ak ) do
6: if Z(x1, . . . , xk ) ∧ Z(ca1 (x1), . . . , c

ak (xk )) then return true

7: return false
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For the time complexity, we can use memoization to store the values of Z in a table
with at most O(

∏k
i=1 |V (Ti ) ∪ {ε}|) = O(

∏k
i=1(|Ti | + 1)) entries. We preprocess

each tree Ti to compute, for every node ai , a bit vector of length n which indicates the
labels appearing in T ai

i . The preprocessing takes O(n
∑k

i=1 |Ti |) time using bottom-
up traversals, and after preprocessing, any S(a1, . . . , ak)-set can be obtained in O(nk)
time. Furthermore, we require at most O(nk + 4k) time to compute the value of each
entry Z(a1, . . . , ak), since |�(a1, . . . , ak)| < |P(ai )| × · · · × |P(ak)| ≤ 4k . Hence,
the running time is O((nk + 4k) · ∏k

i=1(|Ti | + 1)) = O((nk + 4k) · ∏k
i=1 2|Ti |) =

O∗(8k · ∏k
i=1 |Ti |), as required. ��

Given an instance of unrestricted MULSETPC, it is easy to create an equivalent
instance where every label is unique in at least one tree. To do this, for every label that
is not already unique in one tree, add a new singleton tree consisting only of that label.
This will give an instance which can be solved by Algorithm 1 and which will have the
same output as the original instance. However, since the running time of Algorithm 1
depends exponentially on the number of input trees, adding these extra trees could
potentially give a running time exponential in n.

6 Conclusions

The above results resolve an open problem posed in [14,16] as to whether the
MULSETPC problem remainsNP-completewhen the number ofMUL-trees is constant.
According to Theorems 9 and 10, two MUL-trees are sufficient for NP-completeness,
even with each label appearing at most twice in any tree and either the height or the
degree constant. Theorems 11 and 12 extend this result and show that the more gen-
eral MULSETPComp problem also remains NP-complete even when the number of
MUL-trees is constant. Theorem 9 is tight in the sense that, if we restrict our attention
to MUL-trees in which each label appears uniquely in at least one tree, we obtain a
polynomial-upper bound for a fixed number of trees (Theorem 29). However, The-
orem 12 suggests the algorithm presented in Theorem 29 for MULSETPC cannot be
directly generalised to solve equivalentMULSETPComp instances in polynomial time,
unless P = N P .

The above results also suggest two new open problems. Firstly, is it possible to
improve Theorem11 to show thatMULSETPComp is still NP-completewhen restricted
to MUL-trees with multiplicity 2? Secondly, what can be said about the complexity of
MULSETPC andMULSETPComp for instances inwhich themultiplicity is not restricted
but the number of leaf labels that may appear more than once is restricted? That is,
for each MUL-tree, k leaf labels may appear an unbounded number of times in the
tree, whereas all other labels appear at most once. For which values of k are these
subproblems NP-complete? This question is interesting because of its connection to
the instances investigated in Sect. 5.
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